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§4.1 Polynomial Functions and Models

A polynomial function is a function of the form

f(x) =<®x“ +Xn_1 +... x> +@|X +@

where a ,a_,...,a ,a, are real numbers and n is a
nonnegative integer. |

Determine which of the following are polynomial
functions. For those that are, state the degree; for
those that are not, tell why not. 2
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(@) f(x)=2— 3x* (b) g(x) = Vx — X

&) N

(c) h(x) = : : ? (d) F(x) =0

s
Y\D OQ‘\\/JIIOV\ W\%L\ vat!
(e) G(x) = 8 (f) H(x) = —2x°(x — 1)?
2
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Summary of the Properties of the Graphs of
Polynomial Functions

Degree = Form Name Graph

No degree | f(x) =0 Zero function The x-axis

0 fix) = ap, ag# 0 Constant function | Horizontal line with y-intercept a,

1 fix) =ax +a, a #0 Linear function Nonvertical, nonhorizontal line with

slope a; and y-intercept a,

2 fix) = ax* + ayx + @, @, # 0 | Quadratic function | Parabola: Graph opens up if a, > 0
graph opens down if a, < 0

yl\

x<Y

(a) Graph of a polynomial function:
smooth, continuous

YA
Cusp

Corner o |\ Hole
Gap

><Y

(b) Cannot be the graph of a
polynomial function




Polynomials are continuous (no breaks in the graph)
and smooth (no sharp angles, only rounded curves)

Graphing Functions of the Form:

P(x) = ax®

P(x) = x3

‘ /
1 H

P(x) = x°

J

-1

.

P(x) = x4

A\

1]
1 z
-1

B\

P(x) = x%
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1 z
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P(x) = 8x> 1

P(x)= x| PO =95

1 3
P(x)=—x
()3

Note: The graph of y = x" 1s similar to the graph of

2 . .
— f .
Y= R REEE Cexcept that the greater n is, the flatter
y=x" if nis odd
the graph 1s on [-1, 1] and the steeper it is on

(=o0,~1) U (1,0).



Examining Vertical and Horizontal Translations
(Shifts):

Example 1:  Graph

U\a.)y=—(x+2)4+6 b)y=-3-(x-1)3

N
\ % = = (x~1)* =3

A%W B 1l

Finding a polynomial from its Zeros:
Example Find a polynomial of degree 3 whose zeros
are -4, -2, and 3. /\ /\ L

Cz-d K22 {0 | Yc/X
X+ (ReD) ()
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Identifying Zeros and Their Multiplicities

——

For the polynomial, list all zeros and their
multiplicities.

f(x) ——Z(x 2)(x+1) (x- 3)

ADENED [

IfrIs a Zero of Even MultlphcitX

Sign of f(x) does not change from one side Graph touches
of r to the other side of r. x-axis at r.

= A

If r Is a Zero of Odd Multiplicity

Sign of f(x )\Lhdnge% from one side Graph crosses
of r to the other side of r. x-axis at r.
Theorem

Turning Points

If f is a polynomial function of degree n, then f has at most n — 1 turning
points.

If the graph of a polynomial function fhas n — 1 turning points, the degree of
f1s at least n.




Example Graphing a Polynomial using x-intercepts

- pt
For the polynomial:\ f(x) = x“(x — 2W h %"% \A®~7~X :‘Q(\(\

(a) Find the x- and y-intercepts of the graph of f.

(b) Use the x-intercepts to find the intervals on which the graph of f is above the
x-axis and the intervals on which the graph of f is below the x-axis.

(c) Locate other points on the graph and connect all the points plotted with a
smooth, continuous curve.

\/ X=O Xz XL
YT O
L R
‘ % @ o @ )
W (x-2)

Interval (—o0, 0) (0, 2) (2, o3)
Number Chosen il 1 3

Value of f f=-1) =@ f(1) = —1 A3 =9
Location of Graph Below x-axis Below x-axis Above x-axis

Point on Graph (—1,—3) (1,—1) (3,9)




§4.2 Properties of Rational Functions

Rational Function - a function of the form

= q(X) where p(x) and q(x) are polynon&m

with (q(x) = 0.
_L )

Find the Domain of a Rational Function

The domain is the set of all real numbers where the
denominator # 0.

Ix*—4 ;
(a) The domain of R(x) = \‘, Rt the set of all real numbers x except —5; that
1
(b) The domain of R(x) = — 2 is the set of all real numbers x except —2 and 2,

W= Zo 7&:“‘(

that 1s,

(¢) The domain of R(x) = is the set of all real numbers. ‘A

_\'3
X+ 1
\—x3 + 2 X 12 6{:\(\ @

(d) The domain of R(x) = T%T is the set of all real numbers

2

(e) The domain of R(x) =

[x|x # 1}.

" 1s the set of all real numbers x except 1, that is,
B A

[t is important to observe that the functions

x2 -1

R(x) @ and f(x)

are not equal, since the domain of R is {x|x # 1} and the domain of f is the set of
all real numbers.




The graphs of rational functions approach (get closer
and closer to) lines called asymptotes.

Basic Graphs (memorize these)

4 j Q
?
\ 2 1) K/\ i h

- - | 2 4 -4 -2 2 4
(-L,-1) % y

g Lo_oA? .
1 Xj@

: | - |0

Example 1 Use stretching/shrinking, reflecting and
shifting rules to graph the following.

y=

1 1
a.) f(x) =(m—1 b.) f(x) = (x_2) +1




VA -When in lowest terms !

To Find the Asymptotes of a Rational Function:

(1) Vertical Asymptotes - Find any vertical
asymptotes by setting the denominator equal to 0 and
solving for x to get the equation [x = a|. ]

Rule 1: If the numerator has lower degree than the
denominator, the horizontal asymptote is|y =0 |.
Rule 2: If the numerator and denominator have

the Wand an 18 the leading coefficient of

the numerator and by 1s the leading coefficient of the

(2) Horizontal Asymptotes

denominator, the horizontal asymptote is |y = E—n.
n .
Rule 3: If the numerator has higher degree than
the denominator, there is mno horizontal asymptote,.
(Nene) T Y .
(3) Slant Asymptotes - If the numerator is of degree
exactly one more than the denominator, there is an
slant asymptote. To find it, divide the numerator by
the denominator and disregard any remainder. The
equation of the slant asymptote is the result of setting
y = to the quotient.



VA -When in lowest terms !




Example 2 Give the equations of the vertical,
horizontal and/or slant asymptotes of the rational
function.

< _(x=5)(x-2)

2
X+9q

- |

S \{@

Example 3 Find the x-intercepts and y-intercept of the
rational function.

2 f0= X =0 = X))
@ (x+1)(x-2) : X2 +9
Y : U gy ooyl 12
x@ ﬂ—" ~ 3 - © AN L u
oY 2 (ex\e™) W

nt = 2ok N0 2= N =
Q'

Q
y 2\ =9
-0 =0 K=0 N0 SR
1= 5y £ @@



§4.3 Graphs of Rational Functions

Guidelines for Graphing Rational Functions

1.

2.

Find and plot the x-intercepts.

(Set numerator = 0 and solve for x)

Find and plot the y-intercepts.

(Let x =0 and solve for y)

Find and plot the Vertical Asymptotes.

(Set denominator = 0 and solve for x)

Find plot thorizontal Asymptotes.

(Top heavy, Bottom heavy or Same)" = %-

Find and plot the Slant Asymptotes.

(Divide numerator by denominator.)

Find where the graph will intersect its nonvertical
asymptote by solving f(x) =k, where k 1s the
y-value of the horizontal asymptote, or

f(x) = mx + b, where y = mx + b 1s the equation
of the oblique asymptote.

Plot at least one point between and beyond each
x-intercept and vertical asymptotes. cele-

Use smooth curves to complete the graph between
and beyond the vertical asymptotes.




Examples Sketch the graph and provide information
about intercepts and asymptotes.

a.)

f(x)=

2(x* -9)

x> -4

f(x)= 5

X

b)
. III
PR . :-_;. | § .‘._—r—-n
3 ..1
| |
B=0 y=i) |

—X—-2



Guidelines for Graphing Rational Functions

2
example a.) f(x) = 2()(2—_9)
X -4

1. Find and plot the x-intercepts. (Set numerator = 0 and solve for x).

2(x*-9)=0

x’=9=0

x*=9
2. Find and plot the y-intercepts. (Let x = 0 and solve for y)

2002-9) _ 9 —1¢
f0)=—7— = >
0" -4 2 -y

3. Find and plot the Vertical Asymptotes. (Set denominator = 0 and solve for x)

x*—4

x’=4

X =12
4. Find and plot the Horizontal Asymptotes. (Top heavy, Bottom heavy or Same)

2
f(x) = 2(72—_9) Rule 2 Numerator and denominator have the same degree.
X —4 =
H.A.
5. Find and plot the Slant Asymptotes. (Divide numerator by denominator.)
Only have these if Numerator is exactly 1 degree higher than denominator!

6. Find where the graph will intersect its nonvertical asymptote by solving f(x) =k, where k is the y-

value of the horizontal asymptote, or f(x) = mx + b, where y = mx + b is the equation of the oblique

asymptote.

No oblique asymptotes.

-~ | 2 _
X~ <6 /‘;’? 3 Solve 2:2(X2 o) (No solution!)

7. Plot at least one point between and beyond each x-intercept and vertical asymptotes.
; |

Remember Test Points ? @, | @ ®
|

B

—t—

) ]
T —
Choose test points carefully! -y 2 D
X =-4 x=-25 | x=0 x=25 |x=4 x=-1 x=1
y=116 |y=-24 | y=45 |y=-24 |y=1.16 y=53 |y=53

Note: YOU STILL MAY HAVE TO PLOT ADDITIONAL POINTS !

Use smooth curves to complete the graph between and beyond the vertical asymptotes.



-10 1

151

no Y




Example Sketch the graph and provide information about intercepts and asymptotes.
X
f(xF
X" —x-2
1. Find and plot the x-intercepts. (Set numerator = 0 and solve for x)

x=0

2. Find and plot the y-intercepts. (Let x = 0 and solve for y)

0
f(0)=3——

=0
-0-2

3. Find and plot the Vertical Asymptotes. (Set denominator = 0 and solve for x)

X2—X—2=0
x+1Dx-2)=0
x=-landx=2

4. Find and plot the Horizontal Asymptotes. (Top heavy, Bottom heavy or Same)

(Rule 1) y=0

5. Find and plot the Slant Asymptotes. (Divide numerator by denominator.)

None

6. Plot at least one point between and beyond each x-intercept and vertical asymptotes.

choose:

x=-2 x=-.5 x=1 x=3
y=-5 |y=4 y=-5 |y=.75

Note: YOU MAY WANT TO PICK MORE POINTS TO GET A BETTER GRAPH !

ANSWER: n=0




Example Sketch the graph and provide information about intercepts and asymptotes.

2

X" =x=-2
f(x)=——
x—1
1. Find and plot the x-intercepts. (Set numerator = 0 and solve for x)
x> -x-2=0

x+1)(x-2)=0
x=-landx =2

2. Find and plot the y-intercepts. (Let x =0 and solve for y)
foy- 0 =0-2_2_,
0-1 -1
3. Find and plot the Vertical Asymptotes. (Set denominator = 0 and solve for x)
x-1)=0 x=1
4. Find and plot the Horizontal Asymptotes. (Top heavy, Bottom heavy or Same)

(Rule 3) Top Heavy none !

5. Find and plot the Slant Asymptotes. (Divide numerator by denominator.)
2 —
x—-1 ' X“=-x-2 y=Xx
2
-X_+X
0

6. Plot at least one point between and beyond each x-intercept and vertical asymptotes.
choose:
X =-2 x=0 x=15 |[x=3
y=-13 |y=2 y=-25|y=2
Note: YOU MAY WANT TO PICK MORE POINTS TO GET A BETTER GRAPH !

g -

.II /.-"-

1 s

_1: J
.-"'"‘ ./‘—f') —
7 r
-~ - II
~ : !

ANSWER: .




Guidelines for Graphing Rational Functions

2
example a.) f(x) = 2()(2—_9)
X -4
1. Find and plot the x-intercepts. (Set numerator = 0 and solve for x).
2(x*-9)=0
x’=9=0
x*=9
x =13
2. Find and plot the y-intercepts. (Let x = 0 and solve for y)
2(0*-9) 9
f0)=—— = —
0 === 2
3. Find and plot the Vertical Asymptotes. (Set denominator = 0 and solve for x)
x*—4
X’ =4
X =12
4. Find and plot the Horizontal Asymptotes. (Top heavy, Bottom heavy or Same)
2(x*-9) :
f(x) = — Rule 2 Numerator and denominator have the same degree.
X _—
y=2 H.A.
5. Find and plot the Slant Asymptotes. (Divide numerator by denominator.)
None ! Only have these if Numerator is exactly 1 degree higher than denominator!
6. Find where the graph will intersect its nonvertical asymptote by solving f(x) =k, where k is the y-
value of the horizontal asymptote, or f(x) = mx + b, where y = mx + b is the equation of the oblique
asymptote.
2(x*-9) - -
Solve 2="2"__ "~ (No solution!) No oblique asymptotes.
x -4
7. Plot at least one point between and beyond each x-intercept and vertical asymptotes.

Remember Test Points ?

Choose test points carefully!

x=-4 x=-25|[x=0 x=25

=4 x=-1 x=1
1

X
V=116 |y=24 | y=45 |y=24 |y=1.16 y=53 |y=523

Note: YOU STILL MAY HAVE TO PLOT ADDITIONAL POINTS !

Use smooth curves to complete the graph between and beyond the vertical asymptotes.
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Example Sketch the graph and provide information about intercepts and asymptotes.
X
f(xF
X" —x-2
1. Find and plot the x-intercepts. (Set numerator = 0 and solve for x)

x=0

2. Find and plot the y-intercepts. (Let x = 0 and solve for y)

0
f(0)=3——

=0
-0-2

3. Find and plot the Vertical Asymptotes. (Set denominator = 0 and solve for x)

X2—X—2=0
x+1Dx-2)=0
x=-landx=2

4. Find and plot the Horizontal Asymptotes. (Top heavy, Bottom heavy or Same)

(Rule 1) y=0

5. Find and plot the Slant Asymptotes. (Divide numerator by denominator.)

None

6. Plot at least one point between and beyond each x-intercept and vertical asymptotes.

choose:

x=-2 x=-.5 x=1 x=3
y=-5 |y=4 y=-5 |y=.75

Note: YOU MAY WANT TO PICK MORE POINTS TO GET A BETTER GRAPH !

ANSWER: n=0




Example Sketch the graph and provide information about intercepts and asymptotes.

2

X" =x=-2
f(x)=——
x—1
1. Find and plot the x-intercepts. (Set numerator = 0 and solve for x)
x> -x-2=0

x+1)(x-2)=0
x=-landx =2

2. Find and plot the y-intercepts. (Let x =0 and solve for y)
foy- 0 =0-2_2_,
0-1 -1
3. Find and plot the Vertical Asymptotes. (Set denominator = 0 and solve for x)
x-1)=0 x=1
4. Find and plot the Horizontal Asymptotes. (Top heavy, Bottom heavy or Same)

(Rule 3) Top Heavy none !

5. Find and plot the Slant Asymptotes. (Divide numerator by denominator.)

2 —
x—-1 ' X“=-x-2 y=Xx

2

-X_+X
0

6. Plot at least one point between and beyond each x-intercept and vertical asymptotes.
choose:
X =-2 x=0 x=15 |[x=3
y=-13 |y=2 y=-25|y=2

Note: YOU MAY WANT TO PICK MORE POINTS TO GET A BETTER GRAPH !

ANSWER: -~ : |I




§4.4 Polynomial and Rational Inequalities

Steps for Solving Polynomial and Rational Inequalities
STEP 1: Write the inequality so that a polynomial or rational expression f is

on the left side and zero is on the right side in one of the following
forms:

f(x)>0  f(x)=0  f(x)<0 f(x)=0
For rational expressions, be sure that the left side is written as a
single quotient.

STEP 2: Determine the numbers at which the expression f on the left side
equals zero and. if the expression is rational, the numbers at which the
expression f on the left side is undefined. cntical wanbers

s

STEP 3: Use the numbers found in Step 2 to separate the real number line into
intervals.

STEP 4: Select a number in each interval and evaluate f at the number.

(a) If the value of f is positive, then f(x) > 0 for all numbers x in the
interval.

(b) If the value of f is negative, then f(x) < 0 for all numbers x in
the interval.

If the inequality is not strict, include the solutions of f(x) = 0 in the

solution set.

Rational Inequalities:

Note:— NEVER multiply both sides of an inequality
by a variable expression!!
— You cannot lose the denominator in quotients.
— Always remember the restriction that the
denominator cannot be zero.




] N
Exaniples : Solve. y \/ oV
a.) X =4x ‘

L{/k{\kl\éfa M_ ANZ—)

7«z. X =4 - k_)\‘f__‘,((_n <0,
NSt Lxl/‘{ =0 gl - . | @
7 K= 15 3% l
\ = t2 ( } N =) ; KD
e ke |y 22 S Nz s <o)
@2 oD
[—2,2]
b.) x*>x (;D/]\ @/} @AZ
N -
6 -tz tt
> x(x-) = 0 X =~ Yz,S |XZ1
X (- = O Y =1 >0 Y;—"{)\S V= &

K (M - \\(v&};ﬂ &> V\;O?
BT L



1 2 BT
eud? Jx+32-x)
ARG I M SJCIRE &@

l SF\S\v >34) K 2 X
J”"L/A X = ;S
9) (43)(3x) =0 .Y
) =P > K“? VR
Bce <o < ——
) I

4% +5 Ut 5 ) S
d. >3 v
) X+ 2 ﬁ \G(H) 5
Cye-b OIS
dursont 2o NS




§4.5 Real Zeros of Polynomial Functions

Division Algorithm :

For any polynomial P(x) and any complex number
d(x)!, there exists a unique polynomial Q(x) and
number r(x) such that: g 29T

ﬁ) d(x) * Q(x) + r(x\

Example 1: D1V1de
a) 6q3 — 17q2+22q 23 by 2q-3
3" - g 45
Q%% | log’ D% +22¢ =27
@, 1@ Esln
o T — ~
Ycé ++24)
C’D,g L ,Hz,
q~ 14

b) 3x3-2x2-150 by x—4
gy(\,&\,\o{cc dg‘\\)

X - 1S



Synthetic Division : v§ ®? X

Xl | ez
3x2+10x+40 (43 -2 0 -150 R
x-4)3x3-2x2+ 0x - 150
3x7 = 2x"+ Ox— 15 12 .40 160 X=s] 24
() 3x’-12x®
10x” + 0x
(<) 10x*-40x
40x - 150
() 40x-160

10

Answer :

N
3x2 +10x + 40+ 10\

x—4

10

Answer: 3xZ +10x+40+ |
x—4

Example 2: Divide by synthetic division.
x4 -10x2-2x+4 by x+3

45 ¥
— §\ O -\o -2 Y a0
o

=) 9 -+ =) —‘-L\
A L O 0




The Remainder Theorem

If a polynomial f(x) i1s divided by x — k, the remainder

is equal to fgi)_\_//

Example 3: Find the remainder if f(x) = x> -4x>-5
is divided by a) x — 3 B b)x+2 (z=-2

a@\(t ?37 (3% S L) = P 463

HE

The Factor Theorem

The polynomial x — k 1s a factor of the polynomial
f(x) if and only if f(k) = 0.5

T

Example 4: Use the Factor Theorem to determine
whether the function f(x) = 2xP_ x% 4+ 2% - 3 has the

factor @ ‘ @

a) x—1 k=" b) x+3 k=3
K=" Sl
£\ 2 2 - +2-3 ((-3) 7 -s4-9-L-3
NS
X l )

o3 (3



Number of'\Real Zeros (Theorem)

A polynomial function cannot have more real zeros
than 1ts degree.

Descartes’ Rule of Signs

Let f denote a polynomial function written in standard form.

(ﬂ The number of positive real zeros of f either equals the number of vari-
ations in the sign of the nonzero coefficients of f(x) or else equals that
number less an even integer.

(3\ The number of negative real zeros of f either equals the number of vari-
ations in the sign of the nonzero coefficients of f(—x) or else equals that
number less an even integer. i ’

Discuss the real zeros of 3x° —4x* +3x° +2x> =x =3

4ok O .
3 Sign Koy ne 3'\“’\'“”)\%@

—_— \

= s e + <‘ﬂ = T Bf Uyt 5 2T —?
15§ s IRTIRCATI A JEYRIESS

3 ) Aeh peem N
% (—ci\/u_/( d




Rational Zeros Theorem:

If the polyn%;?nal @
f(x) =fa X" :

+an 1X +...+32X +a1X+a0 ‘

has 1nteger coefficients, every rational zero of f(x) has

the form
Rational Zero = P
q
where p and q have no common factors other than 1,

and
p is a factor of the constant term@and
q is a factor of the leading coefficient|a,, \

' : factors of constant t
Possible rational zeros = _12¢tors o1 constant term ag

factors of leading coefficient a

Example 1:  List the possible rational zeros for each
function ¢ O A |

a) f(x)=@x3+3xz—8x+@ ] - LD 2

o 08
~ y )y T |

/

b) f(x)=2x+11x*=Tx-6 P b > 1125 2%

) S Yo+
[P ,_—fk)i’))(Z*} 3&3‘6 LARERIRE




Now that we have a list of possible zeros, we need to
determine which possible zeros are zeros.

Steps for Finding the Real Zeros of a Polynomial Function

STEP 1: Use the degree of the polynomial to determine the maximum number
of zeros.
STEP 2: Use Descartes’ Rule of Signs to determine the possible number of
positive zeros and negative zeros.
STEP 3: (a) If the polynomial has integer coefficients, use the Rational Zeros
Theorem to identify those rational numbers that potentially
could be zeros.

(b) Use substitution. synthetic division, or long division to test each
* * '\/-' =
potential rational zero. —

(c) Each time that a zero (and thus a factor) is found, repeat Step 3
on the depressed equation.

STEP 4: In attempting to find the zeros, remember to use (if possible) the fac-
toring techniques that you already know (special products, factoring
by grouping, and so on).

Example : Find all the zeros for the function.
f(x)=xP-5x* +12x7 = 24x* +32x 16 | x- |
X7 -2
>\ @ x =21 | )
SZ\ NM/Q oo LO’\ 3 U\D xj—e_( Q(—u'\)‘

,\M P ‘Pk"\i - "'X "'Sﬁ lx ".lk’hi -‘]L\(~lb

- ol 00 —
— @OT S 1L 2Lk

g3) PR dl2ytyse oL o9 senw
1 S ) N q BN,

DT <« -0 |G VDR FTPPE e
f\{ _ ~ _
\ 5 \_f —_’Z @ \,\l(\k )__\-\-L[ K\L 2.\ = O




Etaco \xY  wzTd) (&) (%2 = o
Intermediate Value Theorem: \/

Let f denote a polynomial function. If a < b and 1f f(a)

and f(b) are of opposite sign, there is at least one real

zeroyof f between a and b.

example: Show that f(x)=x"-x’—1has a zer%

between 1 and 2.
x| -P(l\:\’l” :@ ,

e :@ 1
xZ-1 A =2



§4.6 Complex Zeros; Fundamental Theorem of
Algebra

Conjugate Pairs Theorem

Let f(x) be a polynomial whose coefficients are real
numbers. If r = a + b1 is a zero of {, the complex
conjugate T = a — bi is also a zero of f.

Corollary

A polynomial f of odd degree with real coefficients
has at least one real zero.

Example 1: A polynomial f of degree 5 has zeros 1,
51, and 1 + 1. Find the remaining two zeros.

2D O 1S X:%l
N
:(x_L(ww\




Find the Complex Zeros of a Polynomial

Example: Find the complex zeros of:

f(x) = 3x* +5%° +25x2 +45%x—18



Find the Complex Zeros of a Polynomial
Example: Find the complex zeros of:
f(x)=3x"+5x" +25x* +45x -18
S e, on =) S Continus W |

, Ho Wox +21% "4 zo0
Sy A& pvu& On

S -
Q/ (\S‘\%v\ dwa) ° \(\l“(%xzt\ <G (’)xzt\ -0
— rah 20 (XLAV\)( 3x~1) =0
R AN SN T bx-1 7o \ A0
N N A AN +] " F
A WA e
Gy By dese)
Con Ju®
§1v 021D > A;‘\b-fﬁl)is,’lb,i‘?\’lﬁ yeen ' pon
% O ':\:\ 3";} \

S4) ot T o T ( e ® wm\&)

(\T(_ c~L wd\jwj

_p 5 -S9 %

 ermm———
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§6.1 Angles and Their Measure

So what does trigonometry mean ? measurement of triangles!

e a ray starts at a point and /'A/'

O

extends indefinitely

* an angle occurs when a ray
1s rotated about its
endpoint

* the starting position of the p
ray is the initial side of the iemina __3
angle o

e the position of the ray after vertex
rotation is the terminal side 0= £0=2A0B
of the angle

* the meeting point of the
two rays is the vertex of
the angle

é initial

side

e a positive angle i1s formed

by a counter-clockwise

rotation AN N2
* a negative angle 1s formed  posiive ¥, negative

by a clockwise rotation e e
 coterminal angles have the

same 1nitial and terminal

sides.




Degree Measure \ raodide. = 6o

e an angle formed by rotating a ray gé‘a of a
complete revolution has a measure of 1 degree (1°)

e angles are often classified by their measures

(1) astraight angle (2) aright angle has a
has a measure of 180°  measure of 90°

180°
‘..@__‘_’ B
90°
B O A

0 A

(3) an acute angle has  (4) an obtuse angle has

a measure a measure
0°<0<90° 00° <0 <180°
5 0
B
0 o
0 A

e angles larger than 360° or smaller than -360° can
be measured by considering more than one rotation

@ G
@ > = ?—450°
10}O

Draw an Angle: (discuss standard position)
a) 4:5: b) -90° c) 225° d) 403°

:ég —
s > ‘5% S TS
A,







Radian Measure

e consider a circle-of radius r
with two radiit OA and OB

o the angle 0 formed by
these two radii 1s a
central angle

e the arc AB is the part of
the circle between A and B
and its length 1s S

» the arc AB subtends the
angle 0

 the measure of the central angle subtended by an
arc of length r on a circle with radius r 1s one radian

e the radian measure of the central angle subtended

S
by an arc of length s on a circle of radius ris 9=

r
or §=18) (&1 1 edar)

e given a circle of radius r, the radian measure of

the central angle subtended by the circumference of

27r

the circle is 9= T 27 while in degrees 6 = 360°

e thus, 360° = 27 radians and@radians






( r\cm)'\w-o]
Example: Find the Arc Length of a Circle

Find the length of an arc of a circle of radius 2
meters subtended by a central angle of 0.25 rdian.

STe - ()29 2 @

o) oo

* two nonnegative angles o
and 3 are complementary

angles if o+ =90° , |
. . . complementary
e in this case, o 1s the . angles

complement of 3 and vice

versa

* twO nonnegative angles o

and 3 are supplementary

angles if o.+f =180° M supplementary
e in this case, o is the <  »
supplement of 3 and vice

versa

Example  Find the coterminal angles for the
following angles.

) *390° b) -225° 3~

~9 . \\J 1o o)
= O
Is







Example 2  Find the complement and
supplement angles for the following angles.

a) 42° b) 145°
Comny - L’D—o*xejﬁ Gory) 7@

*=(®) 5
- S wag - \CQD =AM
S

Radian-Degree Conversion Factors

e to change radians to degrees, multiply the number

180°
of radians by T

* to change degrees to radians, multiply the number

it
of degrees by 180°

Example Convert from Degrees to Radians.
a) 60° . T b) -2§°. X% c) 107°

T

) t 10

e\ \O.f-,\tg,bﬂ
~ [ - ) W
- 5 \‘%\ow)
Example Convert from Radians to Degrees
Qo
Al 3k
a) 6 N by 2 N () 3radians
///'_“'j\ S oY ‘(t‘) _ S\-\.{)
D ~ ~ Y ==

l W o
-t



DMS System (Degree, Minute, Second)
I minute (1) = (&5)° = 60" =1°

/

1 second (1")= (%) (36100) -60"=1"and 3600" =1°

Example Convert 50°6'21" to decimal degree
measure to the nearest thousandth.

S b =)
(oO 3@30

S o4, )+ 005%3%Y

Example Convert 21.256° to DMS.

—
° (1 ™~

20 1s! ol )

——.

UV



Note: You MUST memorize all degree to radian
conversions of the selected angles listed below and
know their positions on a circle measured from the
positive x-axis.

Degrees
Radians

0 0
30 |6
45 nof4 135°,32
60 /3 [50° 5z
90 7f2 $e
120 2 /3
135 34 lig0° x
150 5n/6
180 7
210 Tr[6
225 sga | 210°5%
240 47f3 225° %
270 3nf2
300 s5a3
315 Trl4
330 117/6
360 27







§6.2 Trigonometric Functions: The Unit Circle
Discuss the Unit Circle. -@»

The Trigonometric Functions

Let t be a real number and let (X, y) be the point on
the unit circle corresponding to t.

sint=y gsct:l (y =0)
y
1

cost=x sect=— (x=0)
X

tantzz (x = 0) cott:§ (y =0)
X y

The Unit Circle
Find the the six trig values using a point on the un1t

P o
circle: Let P = (—1 £) N\ ‘
2 k S \







Sec 4+

A



X .42
2 %2
o YKl
£ w (84
(-1,0)180° | = 010° (1,0)
27 |360°
A
{24
(_ £ -%)210 330°\ 2072
(_Q _ (2 L)
2 2 2

(Oa—l )

(x,y) =(cos0,sin0)

Example Evaluate the six trig functions at each real

V= |

number. | = =

(L\ >V ( 0\

7T ° S5 o
b) t——4— ~JNS ) t=1 =150
S AW

S‘\Y\S% h,, ’S——g— ('05’\'\\,\
S 58 2 (2 Yer O 25 @

™ 2 (,S(,f\\ ,_yo W


















Examples: Find a) tan g — sin EZE

- =V ®

Examples: Find a) sin 135° b) cos Iz o

(—_l*) T S % %\
—\SF— \ 0 d’\é’l) N

~CT 569

O\j ‘o\ Cos & L

Discuss using a calculator.

Find cos 48° csc 21°

S j\D



Definitions of Trigonometric Functions of Any Angle

Let 6 be an angle in standard position with (x,y) a
point on the terminal side of 6 and

I‘=w/X2+y2 = (.

sinf =" cosf=" tan6=z, (x = 0)
r r X
r r
cscO=—,(y=0) secO=—, (x=0)
y X
cotf=>, (y=0)
y

Signs of Trigonometric Functions

- S |A . "All Students Take Calculus"

T |C
v

QuadI- sinB, cosO, tanO are positive

Quad IT - sin© 1s positive; cos0, tanO are negative
Quad III - tan© is positive; sinB, cosB are negative
Quad IV - cos9 1s positive; sin0, tan 0 are negative

Example 1 Let (4,-3) be a point on the terminal
side of 6. Find the sine, cosine, and tangent of 0.




Unit Circle Worksheet

Label the unit circle below with the appropriate degrees, radians and quadrantal points.




The Unit Circle

Trigonometry Reference Sheet

(-1,0) 180"

010" (1,0)

(09-1)

27 [360°

3 —
330°\ 2
)
» =732

: . n
To convert degrees to radians, multiply the number of degrees by ——.

To convert radians to degrees, multiply the number of radians by ——.
n

(x,y)=(cosB,sin0)

180°

180°

X X
. sin x cosx tan x
degrees radians
o° 0 0 1 0
307 z I gl el
6 2 7 3
= z " g !
4 2 ]
60° n 3 1
3 3 2 '\/§
9(° % 1 0 undefinced




X

degrees

X

radians

sin x

CoS x

tanx

C¢SC x

secx

cot x

o

30°

45°

60°

90°

120°

135°

150°

180°

210°

225°

240°

270°

300°

315°

330°

360°




§6.3 Properties of the Trigonometric Functions

Domain(Range) and Period of Sine and Cosine

Domain of the Sine and Cosine is all real numbers:

—0<t<®©
R fq; -1=y=<l
e
ANEs Of S —-l=<sint=l
. -l=x=<l1
Range of Cosine
—l=<cos t=l

Definition of a periodic function

A function f 1s periodic if there exists a positive

real number ¢ such that <30 C
f(t + C) = f(t) (.}O/\-\‘QX\Y\W\:\\) o ,

sie”
for all t in the domain of f. The smallest number ¢

for which f 1s periodic is called the period of f.

Examples: Find

a) sin 11—“ f_% b) cos S Cc) tan 5—“

S %2 - ~—\\§ \7&,\®

AN
NP \@g’\?t@

7z o

) o



Determine the signs of the Trig Functions in a
Given Quadrant

4
(- +) | (+. +)
sin6>0,csc6>0 All positive
others negative
X
(-, -) IV (+. -)

tan6>0,coto>0
others negative

cos®>0,secH>0
others negative

Vi

>Y

><Y

> Y

sine
cosecant

cosine
secant

tangent
cotangent

If sin ¢ < 0 and cos ¢ < 0, name the quadrant in
which the angle lies.

|
=) r




Find the Values of the Trig Functions Using
Fundamental Identities

Right Triangle Trigonometry

hypotenuse
opposite
6 ]

adjacent

Right Triangle Definitions of Trigonometric

Functions
S G\/\Qu\m A OC)
Let O be an acute angle of a right triangle. Then:
sin6=% c:0sB=a—dJ tan6=9p—P
hyp hyp adj
CSC9=h—yE sec@=y—l_) Cot():a_dJ
opp ad] opp
Example Evaluate the six trig functions for this
triangle: c Sho -5 esco: %
Lret 2 N ‘ 4 laen % Sec 672
q{'l\oc\kl 3 bar O :%’ A Q;%

%o 25









Example : Find the values of sin45°, cos45°, and
tan45° using right triangle trigonometry.

. 5 A
S“L S(v\U‘S ’r)_’
é(

‘“’ oS U :ﬁﬁ’%
AN
e SRRV
A o 4S > ®
\(;/
2

Example : Find the values of sin30°, cos30°,

sin60°, and cos60” using right triangle
trigonometry.




l _,f Cal & ~ 5C



Trigonometric Identities

Reciprocal Identities

sin6=—l— C086=——1— tan6=—1—
csco secO cotB

csc€)=—_—1— secO = 1 cot8=——1—
sin 0 cos8 tan O

Quotient or Ratio Identities

s o cotf — cos0

cosH sin 9

tanO =

Pythagorean Identities

sin0 +cos’0 =1 tan’0 +1=sec’0

1+cot’8 =csc’f

Example: Find the exact values of the remaining

four trig functions of 0 using identities. _ . ; ?s sls
S
sin6=3/——g cosG=g£ ﬂ C
5 and 5 OO
s 5 - sl
‘\'G\Q:SLL@/ :S E';ﬁg‘ - ~lt’)———/>

-5



Example : Given that sin0 =% and cos 0 <0, find

the exact value of each of the remaining five trig
functions of 0.

\ \ '
, s\'\% ~\ 2 e & ’*@ 7N\
£\ S|A Y S
©' Cos a Q

-5 (L
X Al—~(’,% N B D4
Ton & = PN (3 %_
e T Gf R
k)
51 - (1«\~7\q’ @ T
4
~ Uk 1
ExampleXleen that tan0 = 5 and sin 0 < 0, find
the exact value of each of the remaining five trig
functions of 0. (2
Sia X9 :®
GAs
3 S'a @ = j’ F Q%
N CS Y
’ S
@+54J cos® =24 4\ :lQ'
5 32
%l = \9‘\’1L Sce - T Z‘G— «'_S_ES//J\S
\ 2fs (s 10 >
Y\ = S
X



5\{ AN Y’; X’\

\{ apte

odd O



Even and Odd Trigonometric Functions

The cosine and secant functions are even.
cos(—t) =cost sec(—t) =sec t

The sine, cosecant, tangent, and cotangent functions
are odd.

sin(—t) = — sin(t) csc(—t) = — csc(t)
tan(—t) = — tan(t) cot(—t) = — cot(t)

Find the exact value of:

a) sin(—45°) b) cos(— ) C) cot(—%c)

2 =S (49

= oS \W\ &
B ” @ | ©51)
\p)

G

v
-




§6.4 Graphs of Sine and Cosine Functions

Graph of y=sinx fpPTev
xo%%’¥n%32“\§4“2n

y:@\‘\o 4\@

SIn X

- since the domain of
y = sin x 1s all real
numbers, the graph
repeats infinitely to
the left and the right

- one period (or cycle)
of the graph is on

10,2x]

(%.-1)

Graphing trigonometric functions on T1 calculator

MODE| all choices on left should be highlighted, radians

WINDOW| xmin -2m
Xmax 27
xscl /2 (tick marks)
ymin -2
ymax 2

yscl 1



Example: Graph y = sin X on your calculator. Draw
the axes and label properly.

Example: Sketch the graph of y =2 sin x on the
interval [—n,4n:. Remember key points.

x o] %

Sl

%Lc T g:rc 3275 X1()6131: 211

AR

- since the domain of
y = cos X 1s all real
numbers, the graph
repeats Infinitely to
the left and the right

O |oaE

- one period (or cycle)
of the graph is on

10,2 ]




Amplitude

Compare the graph y = sinX to each of the
following: (Vertical Shrinking and Stretching)

\{ ~ lsinX
Ex 1.y=2sinx
)




EXAMPLE

Graphing Functions of the Form y =

Transformations

Graph y

Y4
i+ &

TN

C ™

L

(1)

ya
s

2w _;x

ol -

i
E)
<
~)

-3.-0

(a) y=sinx

by a factor

3 sin x using transfor

————————
Multiply by 3
vertical strech

A sin(wx) Using

mations.

(79

1

\.

o -

(F.-3)

of 3 (b) y=3sinx

EXAMPLE

Graphing Functions of the Form y =

Transformations
Graph y =

y
1=

F.1 GE.1)

N L L 1 |
-0 f m

50 X

A sin(wx) Using

—sin(2x) using transformations.

T

(-7.-1) -1 GE-1)

(a) y=sinx

Multiply by --1:

Reflect about the y T

X axis
(=51
o 1

(3

)
|<«—FPeriod 27w —>

G 1)

(b) y= —sinx

Replace x by 2x:
Horizontal compression
by a factor of 1

NEls

L

@)

(¢) y= —sin (2x)

J—nPeriod 7 ——|




EXAMPLE

Graphing Functions of the Form y = A cos(wx)

Using Transformations

Graph y = 2 cos(3x) using transformations.
y

4 2.1 /2 ﬂ
H 1 1 B
:.Vg -1 W’zﬂ 2% S%N{ == W \ ‘.lT - 2|.. 5o\ X
. -1) 7 -1) \’/7 -2 3 ’2‘:\
. ) -2
- Multiply by 2: 7. =D . -2) -
(@) y = cos x Vertieal stateh 7. -2 (7 (b) y=2cos x
by a factor of 2
4 (%.2)
Replace x by 3x: \ /\ . /J.\
Horizontal _T =% iy i T 25 SIX
compressiqn by \i/ - \3 /7 3 %
a factor of — I -2F -
a factor of - I -2) (%r' ~2) (c) ¥y =2 cos (3x)




NPTEY

Formulas for General Form y =asin(bx-c)+d
and y =acos(bx—-c)+d

amplitude = [a|

271
period (of sine and cosine) = -

period
tick marks = 7

endpoints Solve: bx-c=0 bx-c=2m

vertical shift = d

Example: Horizontal Translation

Sketch the graph of y = % . in(x _ _73_5) 46

\ =0 s‘.n(\ox—cﬂ 4
Example: Horizontal Translation

Sketch the graph of y =-3cos(27nx + 4)

Example: Vertical Translation
Sketch the graph of y =2+ 3cos(2x)
Y2 desQy) 42



I . ( ‘J't)
y=—sin| X ——
Example: 2 3

Formulas for General Form y = asin(bx-c¢)+d and
y =acos(bx-c)+d

(Remember APTEV)

|- H 1 tick ma% calculations:
amplitude = 2] 2 \ K°/<'S
| T m, T3 S
(1 M3 95 6
period (of sine and cosine) = 3) = S L 8t _4m
6 2 6 3
2t 2m )
o1 o 2T T s
H37327 7%
. | I1m LT
' _period 2m ;| (5) —— f@
tick marks = — D) 6 2
endpoints Solve:
bx-c=0 bx-c=2mw
oo N
3 N4
E R=1.0137264 Y=-.0167975
3
I

vertical shift = d = none



V= 9 w (byx-<) %—J

Example : ¥ = -3cos(2nx +4n)

(Remember APTEV)

Formulas for General Form y = asin(bx-c)+d and

y=acos(bx-c)+d

amplitude = [a|=|-3| =

period (of sine and cosine) =

2m 2
b 7m0

. period
tick marks = 4

tick mark calculations:

S, 1.3

W74,
|

(5)~—+— —1

endpoints Solve:
2nx+4m=0 2nx+4mw=2n
2nXx = —4m 27X = -2m
X=-2 X=-1

(starts) (ends)

vertical shift = d = none




Example: ¥ = 3cos(2x)+2

(Remember APTEV)

Formulas for General Form y = asin(bx-c)+d and

y =acos(bx-c)+d

amplitude = la| = ]3| =

tick mark calculations:;

() 0
)
O+—==
(2) 12
period (of sine and cosine) =
Ttz @
2 _2n_ 3 1
b 2
AR L 3n
2 4 4
ok k_period_E e u fﬂ_
tiIcK marks = 4 1 5) = . 4 ;
endpoints Solve:
bx-c=0 bx—c=2n
2x-0=0 2x-0=2n [\ /
x=0 X =T
! ~~7
(starts) (ends)

vertical shift=d =2




4+







Requirements for a Correct Trigonometric Graph

In order to receive full credit for a graph, you must do all of the following.
1.)  Label your axes.
2.)  Show at least one period.
3.) Label five ordered pairs or asymptotes (as appropriate).

Generalized Formulas for Graphs

y=asin{bx-c)+ y=a csc(bx —c)+d

y=a cos(bx —c)+d | y=a sec(bx -c)+d

y=a tan(bx —c) +d

y=a cot(bx -c)+d

amplitude = [a|

amplitude only exists for sine and cosine
changes the y axis on all graphs
if a < 0, reflection about x-axis

period

I
2% )
— }for sin, cos, csc, sec
b
T

’ for tangent and cotangent

tick marks

od ). e
(ie;yfor all trig functions
A

_—

endpoints

<bx—c=0 and bx -c=2x
OT SiT, COS, CSC, SEC &r

- T
bx —c=—and bx-c=—=

2 2
for tangent graph

bx-c=0 and bx-c=m
for cotangent graph

vertical shift

d for all trig functions




§6.5 Graphs of the Other Trigonometric Functions

Sia X
Graph of y = tan x T x
x | [ m n
2 4 0 4 2
tan x |undefined —1 0 1 undefined
-\
O

w
-

Example 1: Graph a)

R 1

since the domain of y = tan x is all

(2n+1)n
real numbers except 2, the

graph repeats infinitely to the left
and the right

one period (or cycle) of the graph is

_nTm
on [-33]

y:tang b) y=-3tan2x

——< ——-4
\ [)

y:

a cos (=<} td
G S‘\“(lﬂ‘ﬁ"() *4

G r#o‘\r\ (L)("(J + ‘Jz




p— ———— ——— e —




Graphofy=cotx - ozt

~ _SinA\
X 0 T n E 7T
4 2 4
cot X |undefined | 0 —1 undefined

A i

since the domain of y = cot x is all

real numbers except nr, the graph
repeats infinitely to the left and the
right
i x 27 one period (or cycle) of the graph is
on [0,7]
X=7
X
Example 2: Graph y=2 cotg

\{ = a ekl br-0) ’“S(
\\ //lcsag%$~o\ A O



\
Graph of y =sec (x) ~ (_:51

x | o | 2 | = | & | 2a

y=secx| | lundefined]| -1  |undefined| ]

since the domain of y = sec X

2m) is all real numbers except
e @;-])‘E the graph repeats
S i T -’l 27 infinitely to the left and the
(m.-1) right
‘= %\' \,{ g one period (or cycle) of the

graph is on [0.27]

Example 3: Graph a) y= 2CSC(X +§) b) y = sec(2x)



(—
o e e a acp——




\

Graphofy=csc(x) - —
3\(\\’\
x o |5 | = | F | o
y = csc x |[undefined| | lundefined| -1  |undefined
since the domain of y = ¢cscx
1s all real numbers except nr,
(2.1) the graph repeats infinitely to
- - the left and the right

rof

one period (or cycle) of the
graph is on [0,27]




y-tan( ]
Example: 2

(Remember APTEV)
Vorhn(E s -o) + o

Formulas for General Form y = atan(bx-c)+d

amplitude = none tick mark calculations:
no-x
period (of tan and cot) = (1) -~ (2) 7+ D) - B3
T 2
™ - P . 3 n_n
'ﬁ@ VST (@ 5Tt @0y
\
S period "2n = TR
tick marks = —/ 4 2 (5)2 5"
endpoints Solve:
2
T x_r
2 2 2 2
X=-7 X=7
(starts) (ends)

vertical shift = none




X
y= 2c0t(—)
Example: 3

Formulas for General Form

amplitude =inone \ @

(Remember APTEV)

y=a cot(bx-c)+d

period (of tan and cot) =

o™ \3n

b 1/3

. périod _|3m
tick marks = 1 4
endpoints Solve:
X_0 Xex
3 3 -
(starts) ends

vertical shift = none

tick mark calculations:

(1) O

0+3_7E=3_T£
(2) 1 a
3n 3xn 3n
oy WS QI
4 4 2 &
23m 3n_On
W24y
(5) 9—n+3—n-=3ﬂi Al












Example: y = 2csc(x + %) (Remember APTEV)

Formulas for General Form y = asin(bx-c)+d and y =acos(bx-c)+d

amplitude = [a] =[2|=2 tick mark calculations:
-
-
period (of sine and cosine) =
o 2 5 - T X
T 2% A
= @ 477y
b 1
3 E + E — XT'_
(3) 4 2 4
A period 2n |7 3
tick marks = = EAEL on
a T w\2) |w gy
, Smn_Tn
) 4 2 4
endpoints Solve:
bx-c=0 bx-c=2n Remember to graph:
i n : T
X+—=0 X+—=2m y=2sm(x+—)
4 4 4

S Ul

e e TR

vertical shift = d = none |
¢ <)
, . 1

I *

: -] {

LY I

_j T ) Q%S:\\ﬁ// :_I)E

g MRNR
) \



Example: y = sec(2x)

Formulas for General Form y = asin(bx—c)+d and y = acos(bx-c¢)+d

(Remember APTEV)

amplitude = [a] =l =1 tick mark calculations:
—— (H 0
period (of sine and cosine) = 2) 0 L
4 4
2 _2n
b 2 .
SV
. 3
. period @ 2737
tick marks = 1
5 it
O 7%
endpoints Solve:
bx-c=0 bx-c=2n  Remember to first graph:
2x =0 2% =2m y = cos(2x)
(starts) C(eﬁds) M L
\

oA

vertical shift =d = none = 4N /
\




§7.1 Inverse Trigonometric Functions

- the function y = sin X 1s not one-to-one since its

graph fails the horizontal line test

- by restricting the domain of y = sin X to -S=x= %

it 1S one-to-one and has an 1nverse function

y = arcsin X

Function Inverse Function Restrictions
~ y = arcsin X Y:g‘,f\"(x)
Y1 f ‘)’:/ X = siny |
_E/l Tx| -y /' =X -l=sx=<sl (domain)
B . ~Toy<l
=1 g 25752 (range)
2
\ T y = arcos X
l\ \ X = COS Yy
~-l=x=l (domain)
o
{ " - \ O<ysm (range)
= l o) |
* % y = arctan x
p.Y
[’) 2 X =tany
. /7l | me T ——=0 |~®<X<®  (domain)
- 2 - —Ley<l
boee 5 25777 (range)

Note: Another notation for y = arcsin X is

1 1

X =

sin -
sin X

= (sin x)”1

Note: iny=sin"'x, vy is the angle in [~ % .Z]

whose sine is X




Example 1 Evaluate.

A
n
S\\(\.\E-\ - )‘ ""—'U'UT'Q\{

a) arcsin{—

S'\v\(¥\’_—\ IR\ L
‘ e 4 | c) sin”'(2) )

Example 2 Evaluate. <o (¥)2 1
ﬁ ) Jrqn@l\ zF \

c.) arctan(l)

<os &) Z.xl
a.) cos—l(—l)

@\/ 0 /\\

B pele

oiyi\%k) \/

Example 3 Evaluate. (use calculator)
a) tan™'(-8.45) b.) sin™'(0.2447)
~%2.25 Y, 1L













Compositions of Functions

If possible find the exact value.

Example 4 Find the radian value to three decimal

places. 1 X<\

\1/ arcsm(sms—n) -1 T[)

a.) tan[arctan(—S)] b.) 3 c) COS(COS (: )

T A .
“ A
o° 5 D
5 @l & 0

T @ a 2 aﬁ" v

1 C
2,

B @ |

po=1 \YS _ l
Example 5 Evaluate >t ( 3) =%

a) ta\lg(arccos3) - b.) cos[arcsin(?)]

W SR
2 G SZyHC %
X )




IR

(5oh = &)



§7.2 Inverse Trigonometric Functions (cont.)
Compositions of Functions

If possible find the exact value.

Example




§7.2 Inverse Trigonometric Functions (cont.)

Compositions of Functions

If possible find the exact value.

Example
: { - 1]
sinjtan  —
a.) 2
sSyA @
5 \ \7\4-?—1:7:
5 S :ncl
y =S
Tl v
- |
an <Z) - X
Siale) - ~ . fs

Stk g
5T 5
!
\/’Pc@’(







§7.3 Trigonometric Identities

Fundamental Trigonometric Identities

Reciprocal Identities

1 ] ]

sinf=—— cosf=—— tan = ——
cscH secH cotB
csc6=—1— secO = 1 cot6=—1—
sin9 cosB tan©

Quotient or Ratio Identities

sinf cosB
CcoO :
cos0 sinf

tanf =

Pythagorean Identities

sin%0 +cos?0 =1 tanZ0 +1=sec?0 [ +cot?® =csc?f

Cofunction Identities

sin(90°-6) = cosO c0s(90°-0) =sinB tan(90°-0) = cotH
csc(90°-0) =secH sec(90°-0) = cscH cot(90°-0) =tan0

Even and Odd Trigonometric Functions

The cosine and secant functions are even.
cos(—t) = cos t sec(—t) = sec t

The sine, cosecant, tangent, and cotangent functions are odd.

sin(—t) = — sin(t) csc(—t) = — csc(t)

tan(—t) = — tan(t) cot(—t) = — cot(t)







cotf =il
Example I  Simplify : = S
csch |
‘ ' S\ b
e =@
S S \

Example 2 Simplify: _cosb Q-S\m\)
S

l
(1+sin6\\ <\~ B

_ CO56 Te»6e3n0 cosa(1-5i~0)
— , 1 : -

\ QN*&Q‘S”\ ° \'—S‘\nllﬁ
o cose(i-sies) o 5 v0)

Cos™® T (5e\(co30)

Example 3  Simplify: 1 romu cotu —cosu

Sinu COSu
Leo = Bn\wou)

L% \‘(\\)\ QQS W _ mmv&j\—d
\

— Lo

AW CWOsL COSW S\
Cb’kkf\ - Q/Qbk/\ S“;\: : - E;\(\u\ &CG*‘M—‘E?SV\\
C.O>W SNV COSW Slmn
Cosu b GO Siau OOU -Shweosv sy Awsu

COSU DA Copun Stny







sin” 06 —1

tanOsin6 —tan O

:M(S‘W\% «-\\_ - S——T\%\\'\\
Xow\%QN Yors

Example 4  Simplify:

Establish (prove)Trigonometric Identities

- an 1dentity is an equation which 1s true for all
values for which the equation is defined

- to verify an identity, generally work with one side
of the equation and show that it equals the other
side

- some suggestions to consider when verifying
1dentities:




1.) simplify the more complex side

2.) perform algebraic operations including
squaring, factoring, adding or subtracting
fractions, multiplying the numerator and
denominator by a nonzero factor

3.) rewrite in terms of sine and cosine

4.) rewrite in terms of a single trigonometric
function

5.)  use other identities (reciprocal identities,

ratio identities, Pythagorean identities)

Examples Verify each identity.

a.) cscO-tan@ =secO

| SKe I3 :
SEB wsd T odh




b.) sin®(-8)+cos?(-0) =1 Siaf®) =-S5 8
L oN l (/05('9): CQ)SS
(@S‘\(\(%\\ . (C_QS @\ - \

S'\A 5 4 oste ~ |

¢) sin”(-0) - cos (-0)

=C0s0-sin6
Sin(—G)—cos(—e) 0s0 —sin

Sn R - coste B (s\.\fe, —cOse\@M)
S8 - Los B “(M)

— S0 T Cosy
—\

- N A FANN

~ \c:oge —Sﬁ




1+ tanu

d.) =tanu
1+ cotu
l"\u\
‘ u\ ‘ \
‘—-——\ —_

K\ + &0 U\) &UNA S w) Cosu Svan 4 Los)“u\

T D4\

|f\U\ CoSW A )
- '\‘(»
C/QSV\W ol N
CoS\A

Lw” Sw6e <\\~c0>e\

e) sin 0 +1+,Cose=2cs06
(1+cosB) sinB

e®  Sing S\
\rwod S\l S rew )

e | \yese  Lddesiceys
Sue © Vy o b B S'we(\’rwa&
:5&81“1{9 * U*lw)e beovto) .| s\ Hicse
/—_ —/\_,..-'—
Siab | Pheose) o freoss)
— Qe - Q\WL 2 5

Sio(\*w’e\ S WJS} S See



tanv+cotv

f) 1
SECVCSCV
N\
QSM \V o5 ux ( ooy S_\n\/)
—

>

. . 2
Cos V SRV _ Sy Aeosy

Y () |
\

(a—g\/ | S{AV (\_/ \



§7.4 Sum and Difference Formulas

REMEMBER YOU KNOW ALGEBRA !

Sum or Difference of Two Angles Identities

cos(a— ) = cosacosf +sinasin

cos(a+f3) = cosacosfd —sina.sin

3

(a+B) :
sin(o - 3) = sino.cosf3 — cosasin
(o +B) :

sin(a +f3) = sinacosf3 + cosasin

tano + tan 3
tan(o+3) =
| -tanotanfy
tan o — tan
tan(o— ) = P
l+tanatanf

Cofunction Identities

sin(90°-0)=cosB  cos(90°-6) =sin6
tan(90°-0) =cot® cot(90°-0)=tanb
sec(90°-08)=cscB  csc(90°-0) =secH




Example 1 Find the exact value. cos75°

= Cosdl s B __sm&x{m@
CoOS (50 ° ~
(3 +9s) = o3 3 s~ Sinsg St

(B8)- 9®

= N E S K[ E
1 1 4

. T
Example 2 Find the exact value. COS —

T \}.. ~ .

G \S Qos(ol“(‘;) = s A CoS(L'\'Sm@.ng’

CosUS-38) = CosUeos i & SindS 51 W

- 15+ B

S (O N
Example 3 Find the exact value.

sin 80°c0s20° —cos 80°sin20°

S‘a\@é —-zéj ~S\abd 2 @



Example 4 Prove a Cofunction cos(g ~ x)
Cosla-p) = Cosd osh + Sina S
Cos (T - %) T Lwsqasr +Sin% 5%
Z @ sk & | (s\wh)

g D) ’\' S‘\v\x :

Example 5 Simplify. | Example 6 Given sino, = %

(Identity) S a in quadrant I1, and
ne

tan(B+ 1) = tan &\ _
&qﬂ(d*e% =Tand b sinf = 25

|- Aana Aonf Ill, find  cos(o+f)
A

S
\ = D o T
L{ﬁ {5
ten® + O 5 S5 /5
= - T e ® T C o
st= QG) X

\ *“\'(me (o) ‘ Sl:: “(1473‘ L
1S =0 T X

2
29 =\ 4
<=9 W=3 X‘\:S xz s

Cos(@ +B)T Cosak L3P —Sind S

,..‘:L—Qﬁ)

)
SINSSe (wds

- a3 —\-%%-;5

- <

, 1n quadrant




~— ‘ \ Q'QB
- /—‘—'——"




§7.5 Double-Angle and Half —Angle Formulas

REMEMBER YOU KNOW ALGEBRA !

Double-Angle Identities

. . 2tana
sin20. = 2 sin a.cos o tan2o = i

l -tan” o

cos20, = 0052 oL — sin2 o

~1-2sin’a

2

=2cos"a-1

Half-Angle Identities

o 1 -—cosq o, SIN L 1 -coso
SIN— == tan — = = —
) ) 2 l+cosa sin o

2

o 1+cosa
COS— ==+
2




Example 1 Evaluate. Find sin }6, cos20, tan20

3 . A 1
. ] 2,2
fromsm6=g, —<fO<m 3{}5\1 STz VAN

2 a 3 \ QS ~ c] 'f‘Xl
~ L
5\<\Q®225‘m@%s@ . . Ve =
~ %=
}.—- -‘ﬂ"\ oW C\C\) ._i
= (-%— (5)(5 hy g S Fon ©
't'c\.\ 26 -~ Q \'ﬂr\e _ A(- 5 — _ %—“—’.&1‘,&
- |-t 7 o —z 4]
- -7
-2y o
1
oy 08 = [—25n06 . 7
— }_2 . (,___ ~ % ﬁ';_S___Pg o
~(-'3.5) _’"%— 23 /("Ig'_zs 55 Tlas
Example 2 Find the exact value. cos15°

D
o = 3¢ -3 oS S,k 19
+ 2 W0




O
-3 3n
Example 3 Ifcosa=—, m<a<—, %
5 2 Ol
find the exact value of; . !
SZitw T i C
a) sing

= _—_l-\&\-cosd
_ 2




§7.6 Product-to-Sum & Sum-to-Product Formulas

REMEMBER YOU KNOW ALGEBRA'!

Product to Sum Identities

- sinacosf = ; sin(oc +P) +sin(o - [3)]
/ COSOLCOSP = % cos(a+P)+cos(o—P)]
1

\ sinosinf} = 2 [cos(a~PB)—cos(a+B)]
)

]

Example I Rewrite as a sum or difference.

\) cosasinf = 5 [sin(oc +p) —sin(o. -

ol
a) sin(60)sin(40) b) sin(36)cos(5%)
Sindl Sin b = ﬁ[snn (3@%\%;@-%

°.'2

- Lgog (oe -4B) =S {59 +q6)1

i/[ m(‘ée) t S'cf“('lé]

{[C,w (28) = es( ‘0631 7 ;)2_[5\(\(6’0\ 'g“\(ieﬂ




Sum-to-Product Identities

2

SINX +SINYy = 2sin(X ; y)cos(x _ y)

sinxX —siny =2 cos(X ; y)sm(x —J

COSX +COSy = 2005(X ; y)cos(x _ y)

COSX —COSy = -2 sin(X ; y)sm<x ; y)

x .
Example 2 Find the exact value of ¢c0s195°+cos105°

_ 4108 flas=os
-2 w(v«%)wkf__)
E\ — ) Vs G&-——\ Qoi %-)
\ sl kos\so) Los(‘—IS - )< (ﬁ E

Example 3 Express as a product' 005(36) + cos(26)







§4.7 Inverse Trigonometric Functions

- the function y = sInx is not one-to-one since its graph fails the
horizontal line test

- by restricting the domain of y = sinx to —% =X =7Z% it is one-to-one
and has an inverse function y = arcsin x
Function Inverse Function Restrictions

/ y = arcsin X
- - X =siny
EE‘A j—E ’/I \ —1 <X =<1l (domain)

=Yys= 2 o (range)
-ﬂo‘y < o

~ (range)

’L\L
p)
'|’\ i y = arccos x
X =COSY
OI \TT \R —l=sx=1 (domain)
: . | Osy=sm
=1

w
’/ s y = arctan x
2
X =tany
T/,l r -W/’ 7w -0 <X <% (domain)
2. 2 -5 _n x
-% 2 2<Y <2 (range)

-1

1 -
Note: Another notation for y = arcsin x js SIn X = 'S——— (sinx)™"
inx

Note:  in y=sin"X, y is the angle in [—g,g] whose sine is x.




Example 1 Evaluate.

c.) sin”'(2)
undal )
: ')
~ A R kD 2 | -lE R
—%.'K Y ~OPCSM( I}J * muzt ke Tue
—90
Example 2 Evaluate.
arccos| —
a.) (2 ) b.) cos” ( 1) ) arctan(O)
v J (1) ~
\ S, nQ 0
an EEJ + L
1 er) l/
AL
)
T & = 0

Example 3 Evaluate. (use calculator)

a.) tan” (-8.45) b.) sin™'(0.2447) c.) arccos(2)

(
A= D
l




- “‘

+  Compositions of Functions

If possible find the exact value.

)
d—_’_‘,soo
/‘g ®

Example 4 Find the radian value to four decimal places.

[ . Sm
a) tanfarctan(-5)] | p) arcsm(sm_s_) c) cos{cos™')
\/1’1 J 0 &ao}soa
\ ‘ .
mﬂ @ —_l &msmk( 7
.~ g )G ":736 0
\\l'\/ 7\|" okl
gl gl =
A A —l=x S
|
Example 5 Evaluate.
2 -3
a.) tan arccosg b) cos[arcsin(?)]
J v 2 22 S T \ A
\‘/? %83 3) —13 kX 2 gq’Sle\l
n- e__lo G\ Y t \{\1 4
. . I IS 29 4xh
N og 3
\\/ v ‘} 5 Xl =t
x = Js v y
X o



§7.7 Solving Trigonometric Equations (I)
REMEMBER YOU KNOW ALGEBRA'!

Example 1 Determineif 0= g— is a solution of

the equation sin6=—;—. Is E)=—T6E a solution ? \
W9 T > N
) 1 @ ‘\Sg’,w '2
L J2 S |
S % 7 ® e
S
LW l
SN vl




Example 2 Solve the equation: cos 0 =

1
2
S.

Give a general formula for ALL the solution
List 8 of the solutions.

S~

Example 3 Solve the equation: 2sin0++/3=0,
0=6<27 |

QB\\(\%:-—@ SP\
— - ]
_$ o 0
SO = 5 V
IR T K .
Y DN 1\ 3
\
6 — ’Sbs ) \‘







Example 4 Solve the equation: sin(28) = 1,

U
S\ y‘ s
i - ,,_L hd m %98
2_ - !
' C

Cf]

20 = % AR 26~ S 1

@ > jj; e 6’“_ Sy

Aoy
i
‘\/O

V\ ’"‘f.’ - 'H PYUNET / j’)Tr
( (\ ' n Q B " . K \

Example S Solve the equation: tan(@ — E) =1,

A0S
(/o

S

oy %{“ ) O ot

o2
SR o N
¢ ) - ji\/‘ oy — S - L) L %}\ Wiy



Q\&z—\}.x)r\ ~0

(Q% -Mx*')(:@
Ah —\ ’/o\ X—12D
X\ < ), X < l




§7.8 Solving Trigonometric Equations (II)
REMEMBER YOU KNOW ALGEBRA'!

Example 1 Solve the equation: (Quadratic in Form)

2sin“0-3sin0+1=0 0<0<2m

N TN

dSweb-lzo | Dee~120

Se =2 | e = |
'-_j-\\— 3T - /[
©=% )/siL &=

Example 2 Solve the equation: (Using Trig Identities)
3cosB+3=2sin’H 0=<6<2m
S ]
Jeose +3 - mgle)
deos o +2 = 2 — 205D

Qesd® Flexe S\ =2 O
(Qes® +) (cove + 1) 2 o

Y
_ 0
uss L
Y-
?
0



Example 3 Solve the equation: (Using Trig Identities)

cos(20)+3=5cos@  0=0<2=n |

(ac,o{q%"q'% T Swesd

-
- T 3¢
3

Dot F AL TS s =0 ) )

Lns'e ~Swss 1 — O

NO

L _

Example 4 Solve the equation: (Using Trig Identities)

cos>0+sinf =2 0<0<2x >
LA P bxhe =0
PR
N — XK+F)V =0

X x =
I Nl “éj\] L ~Yac )

\-Sid6 4sme = 2
—{ £3<0 —Sim = 2

(\\@\ ~e-l.0 sz o




Example 5 Solve the equation: (Using Trig Identities)

. 1
smbcos=— 0<0<2m
2
6 vy @ CovD ~ M“,é/
- 5\(\ D oy O T \ /R’r”(:) %GK))Q_,
f S () = |
Svn@B) 2 -
" = B
? ;LT 2
M
e O
© - T 0 . - -
~ g ON oy e EL\;\« e 3 A .
“t % A AN ®/r;:'\rffl\\




482 CHAPTER7 Analytc Triganometry

T0. Bending Light  The speed of yellow sadium light (wave-

n.

length of 589 nanometers) in a certain liquid is measured to
be 1.92 X 10* meters per second. What is the index of re-
fraction of this liquid, with respect to air, for sodium light?*
[Hint The speed of light in air is approximalely 2.998 x 10
meters per second.)

. Bending Light A beam of light with a wavelength of 589

nanometers traveling in air makes an angle of incidence of
40° on a slab of transp ial, and the refracted beam
makes an angle of refraction of 26°. Find the index of refrac-
tion of the material.*

Beuding Light A light ray with a wavelength of S89
nanometers (produced by a sodium lamp) traveling through
air makes an angle of incidence of 30° on a smoath, flat slab
of crown glass. Find the angle of refraction.*

.

M.

A light beam passes through a thick slab of material whase
index of refraction is 1, . Show that the emerging beam is par-
allel to the incident beam.*
Brewster's Law  If the angle of incideace and the angle of
fr. are comy y angles, the angle of inddence
i referred to as the Brewster angle 5. The Brewster angle
is related to the index of refractions of the two media, #,
and m,, by the equation n;3in 05 = n, c08 95, where n, is
the index of refraction of the incident medium and n, is the
index of refraction of the refracti di Determine
the Brewster angle for a light beam traveling through water
(at 20°C) that makes an angle of incidence with a smooth,
flat siab of crawn glass.

* Adapted (rom Halliday and Resnick, Fundumentals of Physics, Tth ed., 2005, Jokn Wiley & Scna

Discussion and Writing

75. Explain in your own words how you would use your calculator to solve the equation cos x = ~0.6,0 < x < 27, How would you

modify your approach to solve the equation cot x = 5,0 < x < 27?7

‘Are You Prepared?’ Answers

¢ Solving Quadratic Equations by F: 4
(Appendix A, Section A6, pp. A46-A47)
¢ The Quadratic Formula (Appendix A, Section A6,

.\ How Work the ‘Are You Prepared?’ prablems on page 487.

g pp. A49-A51)
|

'
t
1
i
i1
'

i
Using a Graphing Utility 1o Solve Equations |
(Appendix B, Section B4, pp. B8-B10) l

!

!
OBJECTIVES 1 Solve Trigonometric Equations Quadratic in Form (p.482) ;
2 Solve Trigonometric Equations Using Identities (p.483) |

3 Sclve Trigonometric Equations Linear in Sine and Cosine (p.485)
* 4 Solve Trigonometric Equatiens Using a Graphing Utility (p.487) !

1 Solve Trigonometric Equations Quadratic in Form

In this section we continue our study of trigonometric equations. Many trigonomet-
ric equations can be solved by applying techniques that we already know, such as
applying the quadratic formula (if the equation is a second-degree polynomial) or

factoring,

| EXAMPLE 1 l

Solving a Trigonometric Equation Quadratic in Form

Solve the equation: 2sin’6 — 3sin6+1=0, 0 =<6 < 2

Solution

This equation is a quadratic equation (in sin ) that can be factored.
25in’0 — 3sinf+ 1 =0
(2sing — 1}(sing ~ 1) = 0

P il B I Pt Y ]

(&x = i = 1) =0



SECTION 7.8 Trigonometdc Equations (1) 483

2sin@—1=0 or sinf —1=0 1z the ZernFoduct Frosarty,
sin0=% or sing =1

Sclving each equation in the interval [0, 27), we obtain

0=" g—-s—"r— 0=
_6, = 6, _2
The soluti sctis{E s—ﬂi}
e solution 5 6'2)
—_m
=== -- flow WoPK proBLEM 7

Salve Trigonometric Equations Using Identities

When a trigonometric equation contains more than one trigonometric function,
identities sometimes can be used to obtain an equivalent equation that contains
only one trigonometric function.

I EXAMPLE 2

Solution

Solving a Trigonometric Equation Using ldentities
Sclve the equation: 3cos8 +3 =2 sin?g, 0= 0 < 2%

The equation in its present form contains a sine and a cosine. However, a form of
the Pythagorean Identity can be used to transform the equation into an equivalent
expression containing only cosines.

3cos @ + 3 = 2sin?6

3cos 6 + 3 = 2(1 — cos?8) R A R
3cos8+3=2-2cos’8
2c0s?0 + 3cosB+1=0 Quadatiz 1 cos 0
(2cos@ + 1)(cos8 +1) =0 Factor
2¢cos0 +1=0 or cos@ + 1 =0 Laxthe Zero-Fraduot Propenty.
cos8=—% or cosf = -1

Solving each equation in the interval [0, 2#), we obtain

2 47
0= 3 9= 3 6=
The solution set is {2—", n,4—“}.
3 3 n

Check: Graph ¥, = 3cosx + 3 and Y; = 2sin?x,0 = x = 27, and find the
points of intersection. How close are your approximate solutions to the
exact ones found in this example?

l EXAMPLE 3

Solution

Solving a Trigonometric Equation Using ldentities
Solve the equation: cos(26) + 3 = 5¢c0s6, 06 <27
First, we observe that the given equation contains two cosine functions, but with

different arguments, 8 and 20. We use the Double-angle Formula cos(20) =
2cos?0 - 1 to obtain an equivalent equation containing only cos 6.

cos(26) + 3 =5cos 8
(2 cos?@ ~ 1)+3=5c0s8 coa(20, v Zoost0 s
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CHAPTER 7 Analytic Trigonametry
2c0s?0 — 5c0s0 + 2 =0 Pisce in suandard “zrm,
(cos@ — 2)(2cos0 — 1) =0 Fazron
1
cosf =2 or cosf = 'i Sodve by ueng tne Zeve-Frodusy sroperty

For any angle 8, —1 =< cos ¢ < 1; therefore, the equation cos 8 = 2 has no solution.

The solutions of cos § = l 0 =<0 < 2m, are

3
T Sw
0= '39 0= 3
The solution set is {E §1} B ——
33 =
we====- oW WOPK promiew 23

| EXAMPLE 4 I Solving a Trigonometric Equation Using Identities
Solve the equation: cos’§ +sing =2, 0=¢<2n

Solution  This equation involves two trigonometric functions, sine and cosine. We use a form
of the Pythagorean Identity,sin?  + cos?§ = 1, to rewrite the equation in terms of
sin 6.
cos?8 + sin g = 2
(1-sin?@) +sin8=2 cos?0 =1~ 40
sin?8 — sing + 1 =10
This is a quadratic equation in sin 8. The discriminant is & — dac =1~ 4 =
—3 < 0. Therefore, the equation has no real solution. The solution set is the empty
set, &,
_— =

S _
d . Check: Graph ¥, = cos?x + sinx and ¥, = 2 to see that the two graphs never
intersect, so the equation ¥; = Y; has no real solution,

' EXAMPLE 5 l Solving a Trigonometric Equation Using Identities

Solve the equation: sinfcos 8 = —%, 0=<6<2r

Solution  The left side of the given equation is in the form of the Double-angle Formula
25sin @ cos 8 = sin(28), except for a factor of 2. We multiply each side by 2.

1
sinfcosf = —
2
2sinfcos@ = —1  Mutiply eaca sids by 2.
5in(28) = —1  Cuuble-angle Forrula
The argument here is 28. So we need to write all the solutions of this equation

and then list those that are in the interval [0, 27r). Because sin (§£ + 27rk) =-1
for any integer & we have

’

28 = 3—;‘ +2kw  kany integer
4= 37"- + kn
37 T 3 3n 3 T KL 117
=— 4 —1,:——, = — = = = — = — = —_—
S (-1)% yy ] " 7y ()L 7 0 S + (1)ar 2 0 ' + (2)n ,
[ b G bt ie o
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The solutions in the interval [0, 27) are

g=" 417
T4 T4
The solution set is {37",7%}
m

Solve Trigonometric Equations Linear in Sine and Cosine

Sometimes it is necessary to square both sides of an equation to obtain expressions
that allow the use of identities. Remember, squaring both sides of an equation may
introduce extraneous solutions. As a result, apparent solutions must be checked.

| EXAMPLE 6 I

Solution A

Solution B

Solving a Trigonometric Equation Linear in Sine and Cosine
Solve the equation: sinf + cosf =1, 0 =6 <27

Attempts to use available identities do not lead to equations that are easy to solve.
(Try it yourself.) Given the form of this equation, we decide to square each side.

sind +cosf =1

(sind + cos 0)2 =1 Sagare aucn =ide.

sin0 + 2sinfcosB + cos? 6 = 1 Remowe sarentheoss,
2sin0cosd =0 civ?8 4 coc”i — 1

sinfcos8d =0
Setting each factor equal to zero, we obtain
sind =0 or cosd =0

The apparent solutions are
37

v 8= Y
Because we squared both sides of the original equation, we must check these

apparent solutions to see if any are extraneous.

0=0, 8=, 0=

ISIE]

=0 sin0+cos0=0+1=1

@=m sinw+cosw =0+ (—1) = -1 Net 4 sohuton

T . T Es o
ﬂ=§: Sm;+¢0$-£=1+0=1 A soltion

3 3 3
8= —21: sin 717 + cos 3: ==-1+0= -1 MNotascsuton

The values § = = and 8 = 3%1 are extraneous. The solution set is {0,%}.
—_—E

We start with the equation
sind + cosgd =1

and divide each side by V2. {The reason for this choice will become apparent
shortly.) Thea

Lsiu() + Lcos{) =1
V2 V2 V2
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-1

2+ ylay

-1

The left side now resembles the formula for the sine of the sum of two angles, one
of which is 6. The other angle is unknown {call it ¢.) Then

1 V2
in(@ + =sinf + dsi = —— = —— 1
sin( ¢) = sinfcosp + cos dsind 5 ) )
where
1 V2

COS¢='1—=_\'2/;2. Siﬂé:%:—z_, 0=¢< 2%

V2

The angle ¢ is therefore % As a result, equation (1) becomes

sin(a + —'I) V2

4 2
. 3
In the interval [0, 277), there are two angles whose sine is -—{—2: % and —; See Fig-
ure 30. As a result,

The solution set is {0, E} .
2 —

This second method of solution can be used to solve any linear equation in the
variables sin 8 and cos 8. Let's look at an example.

I EXAMPLE 7

Solution

Solving a Trigonometric Equation Linear in Sin § and Cos #}
Solve:

asin@ + becos @ = ¢ 2)
where a, b, and ¢ are constants and eithera # Qor b # 0,
We divide each side of equation (2) by \/& + b2. Then

a 0+ b c _ c
\/a’-kb2 \/az-tbz \/az+b1

There is a unique angle ¢, 0 < ¢ < 2, for which

sin 0s 0 3)

a b
cosp = ———=—== and sind = ——=— O]
\Vat+ p Va&+
Figure 31 shows the situation for @ > 0 and b > 0. Equation (3) may be written as
c

&+

sin@cos¢d + cosfsing =

or, equivalently,
c

— (5
Vat+ B )
where ¢ satisfies equation (4).

If|c] > \/a® + b, thensin( + &) > Lorsin(8 + ¢) < —1, and equation (5)
has no solution.

sin(d + @) =
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If |¢] = \/a@® + 1, then all the solutions of equation (5) are
+2%m of 8+ ¢ =1 —sin" ———— + em

(4
\a+ v AV

Because the angle ¢ is determined by equations (4), these provide the solutions to

o+ ¢ =sin!

equation (2). £
=== - How Work prostem 41
j Salve Trigonometric Equations Using a Graphing Utility

4
A& The techniques introduced in this section apply only to certain types of trigonomet-
£ ric equations. Solutions for other types are usually studied in calculus, using numer-
ical methods. In the next example, we show how a graphing utility may be used to
obtain solutions.

[ EXAMPLE 8 l Solving Trigonometric Equations Using a Graphing Utility

Solve: Ssinx +x =3
Express the sclution(s) rounded to two decimal places.

Solution  This type of trigonometric equation cannot be solved by previous methods. A
graphing utility, though, can be used here. The solution(s) of this equation is the
same as the points of intersection of the graphs of Y| = Ssinx + x and ¥, = 3.

Yy =Ssinx+x See Figure 32.
AN There are three points of intersection; the x-coordinates are the solutions that

. N\ we seek. Using INTERSECT, we find
YA - —Yz=3 x=052, x=318 x=571

ol 4% The solution set is (0.52, 3.18, 5.71).

-t
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7.8 Assess Your Understanding

‘Are You Prepa red?’  Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red.

1. Find the real solutions of 4x* — x — § = 0, (pp. A46-A47) 3. Find the real solutions of (2x — 1)2 - 3(2x — 1) — 4 = 0,

2. Find the real solutions of x% — x - 1 = 0. (pp. A49-AS1) (pp. A49-AS1)
= 4, Use a graphing utility to solve 5x* — 2 = x -~ 1%, Round
~  answers to two decimal places. (pp. BR -B10)

Skill Building

In Problems 546, solve each equation on the interval 0 s 6 < 27.

5. 2c0s%0 + cos§ = 0 6. sin20 -1 =0 N 7. 2sin26 —sinf -1 =0
8 2c0s’0 + cos - 1=0 9. (tang — 1)(sec6 —~ 1) =0 10. (co(0+1)(tsc6—%)=0
1L sin?8 — cos’d = | + cosé 12. cos28 — sin?6 + sin6 = 0 13. sin% 8 = 6(cos B + 1)
14, 25in®0 = 3(1 — cos 6) 15. cos(26) + 6sin’@ = 4 16. cos(26) = 2 - 2sin? @
17. cos @ = sin @ 18, cos 8 + sinf =0 19. tan 8 = 2sin 0
20. sin(28) = cos 8 21. sin @ = csc O 22, tan 6 = cot 8
™ 23. cos(26) = cos @ 24. sin(20) sin 6 = cos 8 28, sin(20) + sin{46) = 0

26. cos(26) + cos(49) = 0 27. cos(48) — cos(68) = 0 28. sin(48) — sin(60) = 0



§8.1 Applications Involving Right Triangles

Example 1 Solving a right triangle. Find all angles
and sides of the following right triangle.

1
¢ B ot b = ¢ @ Sf\%ﬁ - o+ (\"M)
A/!C S oW coltoq 0"~ 113 913

34.2° b=19.4

o CoS - O)(&‘—
C 29 b=~ a4 g
A~y ¢ 5C9834\1° -~ 194

Bo= 7 130-348 -0

QOB}“h’f

Example 2 A safety regulation states that the
maximum angle of elevation for a rescue ladder is

72", A fire department’s longest ladder is 110 feet.
What 1s the maximum safe rescue height?

C L2 I
S'Y\f)l = —
T G S




Example 3 A straight trail leads from the Alpine
Hotel, elevation 8000 feet, to a scenic overlook,
elevation 11,100 feet. The length of the trail is
14,100 feet. What is the inclination (grade) of the
trail? That is, what is the angle B in the figure?

Hotel
— Overlook
H elevation
eagasds s 11,1001 o
E E : g““ e %17‘;5&0
Elevation
‘8000 ft

{ 3 |
Sin b - NI



Example 4 At a point 200 feet from the base of a
building, the angle of elevation to the bottom of a

smokestack 1s 350, whereas the angle of elevation to

the top i \‘530. Find the height s of the smoke stack
alonel

NS
ST
200
o b
{‘O\Mg@ - i- 0 \
pIYe 35
2060
‘\l:, = &06*0\(\53’0 2 Q0 K‘b~
-\-CM\ 2> - o 00
b~ Q00 ton 35
S -~ goo*wg?_aaoh&é’
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problems, pay attention to the known measures. This will indicate what trigonomet-
ric function to use. For example, if we know the measure of an angle and the length
of the side adjacent to the angle, and wish to find the leagth of the opposite side, we
would use the tangent function. Do you know why?

[ EXAMPLE 6 |

Solution

Finding the Width of a River

A surveyor can measure the width of a river  Figure 10
by setting up a transit* at a point C on onc side
of the river and taking a sighting of a point A
on the other side. Refer to Figure 10. After
turning through an angle of 90° at C, the sur-
veyor walks a distance of 200 meters to
point B. Using the transit at B, the angle 9 is
mecasured and found to be 20°. What is the
width of the river rounded to the nearest
meter?

We seek the length of side b. We know a and
6. So we use the fact that b is opposite 6 and
a is adjacent to § and write

tan6=é
a

which leads to
b
° =
tan 20/ 200
b = 200 tan 20° = 72.79 meters

The width of the river is 73 meters, rounded to the nearest meter.

evaezz—~ NOW WOPK proBLEM 49

| EXAMPLE 7 ]|

Solution

Finding the inclination of a Mountain Trail

A straight trail leads from the Alpine Hotel, elevation 8000 feet, to a scenic over-
look, elevation 11,100 feet. The length of the trail is 14,100 feet. What is the incli-
nation (grade) of the trail? That is, what is the angle B in Figure 117

As we can see in Figure 11, we know the length of the side opposite angle B and
the length of the hypotenuse. The angle B obeys the equation

.o 3100
sin B = 00
Using a calculator,
3100
= ¢in~l T o~ ©
B = sin 14.100 12.7

The inclination (grade) of the trail is approximately 12.7°.

swe==:-- §ot WOPK sroBLEM 55

¢ An instrument used in surveying lo measure angles.



§ 8.2 Law of Sines

Solving a triangle: find all angles and all sides

Obligue triangle: triangles with no right angle. To
solve an oblique triangle, you need to know the
measure of at least one side and any two other parts of
the triangle.

Sum of angles in a triangle: 180°

The L.aw of Sines - If A, B and C are the measures of
the angles of a triangle and a, b and c are the lengths of
the sides opposite these angles, then

b a sinA _sinB _sinC
a b C




Applications of L.aw of Sines:

- can be used to solve an oblique triangle if two angles
and a side are given (ASA or AAS)

- given two sides and an angle opposite one of the sides,
the triangle may not exist or two triangles may exist or
the triangle may be unique (SSA)

Example 1 Solve triangle (AAS) B
A=40° B= 60° and a=4

S‘\‘\ P‘ —~ S\\ N (E
«/:‘ - D
N G
S\r\‘ﬂ) _ Smbs) L
/_-_—— - "
“ b <

SiauS b 2 Sakd M
Diad PR

@D | h e




Example 2 Solve triangle (ASA)
A=35° c=5and B=15° 5

C’/
Shok _Siab -6 A A ¢
@)
b L 3S0
SIS S 0= )s°
- e }
=) S c- ¢ <C= 10 ~35°~ 15 ”
Do = S Sy |
Sia 1| SN sia s L. SSin \S
> b NS

(R
Example 3 Solve triangle (SSA) one solution.
a=3,b=2and A =40°

D
S\“\ ,—.SH\% :
LLae A

o Ye L= 2 C
Sind < @ > ls'f\o b=
2 ot A= 40" Ja-=z
= Q_’ Q@
QS'\(\‘\S = }S'\Y\ Gm
-3 \S\AQ .
A S ~ B
© c = O
S\l = 0O 43 G, |
C oD
o ~ < V() ~ 9S¢° S ML ZS.MO
@ o= SA (W) = 25 - =



Example 4 Solve triangle (SSA) No solution.

a=2,c=1and C=50°
Shn C

-

~ S
c T e

4 A
-~ g‘n{\‘
IR

Siad o DT insS
pﬂt’ - $‘-€-\-' ( Q?msaﬂ

a=6,b=8 and A =35°.

S\\‘\k —~ S}n@ A
= Ty
g'\f\’%so — Sﬁ_
b ?
Sal = CS -
&
X - 5\';‘(.%\ <
(50 = Llo"\alc

U

- 5‘.(:‘ (\\SS)
Example 5 Solve triangle (SSA) two solutions

7~ \/ V)
& ¢-b A i o0
1s° ‘::/\'q
L=} C |
Q
Vb, - N4
| J by = 1300
r—'\—(\\u«wé\} ( *NEN\};L -
_ 0
|0, = 44,5 b= b, =130,
q:\c{l\ -:’%So O\Z(DA':’AS
- C_ ’;qgvk‘b C.‘-:' Q ; \L'\\(:\‘o
|




Example 6 The course for a boat race starts at point A
and proceeds in the direction S 52° W to point B, then
in the direction S 40° E to point C, and finally back to
A, as shown in figure. Point C lies 8 kilometers directly
south of point A. Approximate the total distance of the

racc coursc. N
A v/ ‘ E
1 S
’t’ : \Q — % @ : %%D
BY ' - S35
s ?'8km “a - AN gJO
40, | ¢ - C 2 4O
: NG
: L Sl Sia A
: . ! -
D C = G

A
%‘.r\ \ <,.§ (\(0%0 QQ e
< i (( . 6 7 % S\‘\WSL
Q\_j,‘_‘f& o
s oo
’ N S.hcﬁ(o SRR
SR LS



Example 7 The course for a boat race starts at point A and proceeds in
the direction S 52° W to point B, then in the direction S 40° E to point C,
and finally back to A, as shown in figure 6.9 (textbook page 415). Point C

lies 8 kilometers directly south of point A. Approximate the total distance
of the race course.

B =18 -S~4¢° - §3°

A < 9y T
/@ F - T
"’1 : SlﬂQ S:(‘ B
5
/l' : - < %
’1 t v - ':\Q - Tﬁ
B ¢ .- Sl S
:)\‘ ‘: 8 km: b
.:400 ‘\;« ; — < z Yg;nqoa 5 ,LB
! - Si~g5°
! Q= \\‘ \ : —_—
| \ 1
v o 2 b
; ‘6- ‘t gl A - S’,-""
D c * -
G R
Sia S Sogs®
a 2 THast
S{*\%'go B
I o 0o

a+b +c = []I9Ys3 !<m;



The Law of Sines is used to solve triangles for which Case 1 or 2 holds.

Theorem

Law of Sines

For a triangle with sides a, b. ¢ and opposite angles A, B, C. respectively,

sinA_sinB_sinC 1
a b C
S \ ] S
S
Case 1: ASA Case 1: SAA Case 2: SSA
sinA _ sinB sinA _ sinC simB  sinC
a b a C b C

A+ B+ C=180°




§ 8.3 Law of Cosines

The Law of Cosines is C

used to solve triangles in /\
which two sides and the

included angle (the angle & c B

between the two sides) are
known or 1in which three

sides are known
(SAS or SSS)

The Law of Cosines - If A, B and C are the measures
of the angles of a triangle and a, b and c are the
lengths of the sides opposite these angles, then

2 2 2
b“+c“—-a
a2=b2+cz—2bccosA Or COSA =
2bc
2 2 12
a“+c“-b
b2=a2+02—230cosB or cosB=
2ac
2 .2 2
a“+b“—-c
¢ =a?4+b%-2abcosC or cosC= Y
a

Note: It is wise to find the largest angle which is
across the largest side FIRST !




(a) All angles are acute

. \Obtuse angle

(b) Two acute angles and one obtuse angle

CASE 1: One side and two angles are known (ASA or SAA).
CAsE 2: Two sides and the angle opposite one of them are knowni(SSA). \

CASE 3: Two sides and the included angle are known (SAS).
CASE 4: Three sides are known (SSS).

S
A A
Case 1; ASA Case 1: SAA
S S - S
\ A / \\A [
S S S
Case 2: SSA Case 3: SAS Case 4: SSS




Example 1 Solve triangle (SSS)

e

2, Z 1
a=4,b=3,andc=6. “ Cos & :0::}3_
Qac
2 %1 o H :
Cos © = okb ~c | (o = lobB—"
2cb C 2
3 1 Q5§ (l) -~ B-}_.
Cos € = Y kit~ b 44
m - 77 _
26 L) Qe

“os ¢ - T g ’CO";\ (ﬂ‘)u\
24 )

TN -B-C T o -y @
Example 2 Solve triangle (SAS)

) B
C=60,a=2andb=3(-"‘(,\ Q-1
o9
F\ L=3 ¢

2 ' ° GG - ancm b
gty - 2ab s C -
R AG
C,L - C,;’)\L,;’Lﬂ 3_(1\(9)) 5 6o S ) Q.ZJ—QF)\]“: 3)_
2

)
T L\f\\q_ \L(JOS’\OQ

<
- b - 1 (5)

<o (,"/51:



Example 3 The pitchers mound on a women’s
softball field is 43 feet from home plate and the
distance between the bases is 60 feet. How far is the
pitchers mound from first base?

S A/S

. X
bl -~ er\bg 'QQQLOSQ?

e

Lt = 53} %5 L CRICES RN

LY o (%003

L - Uy R
(= R

i




Example 2BSolve triangle (SAS) - A=115°c=10and b=15.

OIQ: byt - Nbe cosh
o - € & 0
s® a* 2 1S™ 4 1= 3 (s)10)cos IS
A bsis a’ = 45|55
@ = 21,26
b o 12t
S;v\a S:(‘\ﬂ

<~ 1§00~ (15° =9

Sia .2 bSinh \'S Sinils [/ s
—— = - Y C = 2512 '
= B - 63

Sint < b3ay @ JRPPS

Example 3 The pitchers mound on a womens softball field is 43 feet
from home plate and the distance between the bases is 60 feet. How far
is the pitchers mound from first base?

o

A BPs =4S
m  SAS

\nn - 4") 4-()1 -),\‘pCds‘H

. i 0
& 2ot - ) e0) oS

hY = 1800:5







§ 8.4 Area of a Triangle

Area of a Triangle (SAS) - The area of triangle ABC
1s one-half the product of the lengths of any two sides
and the sine of the included angle.

K = lbcsinA= %absinC = %acsinB

an oN

Example 1 Find the area K of a triangular lot having
two sides of lengths 8 meters and 6 meters and an
included angle of 30°.

< v @Qb\(‘lﬂ \Y‘i_\

—_—
—




Heron's Formula (SSS )- If a, b and ¢ are the lengths

of the sides of a triangle, then the area of the triangle is

Area=/s(s—a)(s-b)(s—c) where s= %(a +b+c)

Example 2 Find the area of a triangle having sides of

lengths a = 4 meters, b = 5 meters, and ¢ = 7 meters.

- \m)(‘c-ﬂ(%q)
=) = Jae :




