
Section 2.2 & 2.4 Limit of a Function  
(Graphically, Numerically, Analytically) 

 
Review of Function Notation: 𝑓(𝑥) = 𝑥& + 3𝑥 + 5 
f is the name of the function 
f(x) indicates that x is the variable 
f(x) is another name for y 
f(2) means to substitute 2 for the variable x 
𝑓(2) = 2& + 3 ∙ 2 + 5 = 15 
f(2) is the y-value when the x-value is 2 
The point (2, 15) is on the graph of f(x) 
 
Limit Notation 
The limit is a value that is approached, you can get closer and closer, may never reach. 
lim
0→23

𝑓(𝑥) is the limit of f(x) as x approaches c from the right  
lim
0→24

𝑓(𝑥) is the limit of f(x) as x approaches c from the left 
lim
0→2

𝑓(𝑥) is THE limit of f(x) as x approaches c 
 
Facts about Limits: 
If the right and left limits are the same, then that number is THE limit. 
If the right and left limits are not the same, then THE limit does not exist (DNE). 
If f(x) is increasing without bound, the limit is +∞. 
If f(x) is decreasing without bound, the limit is -∞. 
Limits can also be used to describe behavior at the extreme right and left sides of the graph. 
lim
0→67

𝑓(𝑥) and lim
0→87

𝑓(𝑥) refer to end behavior 
 
Let’s examine limits using graphs. 

 

Example 1: 
Find the following using the graph on the left. 
 
f(2) 
 
lim
0→&3

𝑓(𝑥) 

lim
0→&4

𝑓(𝑥) 

lim
0→&

𝑓(𝑥) 

  
lim
0→67

𝑓(𝑥) 

lim
0→87

𝑓(𝑥) 



 

Example 2: 
Find the following using the graph on the left. 
 
f(-1) 
 
lim

0→693
𝑓(𝑥) 

lim
0→694

𝑓(𝑥) 

lim
0→69

𝑓(𝑥) 

 

lim
0→67

𝑓(𝑥) 

lim
0→87

𝑓(𝑥) 

 

 
 
 

 

Example 3: 
Find the following using the graph on the 
left. 
 
f(3) 
 
lim
0→:3

𝑓(𝑥) 

lim
0→:4

𝑓(𝑥) 

lim
0→:

𝑓(𝑥) 

 

lim
0→67

𝑓(𝑥) 

lim
0→87

𝑓(𝑥) 

 

 

 



 
 
 

Example 4: 
Compare to Example 3.  What changed? 

 
 

Example 5: 
 
lim
0→87

𝑓(𝑥) 

 

Example 6: 
 
lim
0→87

𝑓(𝑥) 
 
lim
0→67

𝑓(𝑥) 

 
  



Finding Limits Numerically 
Making a chart can be helpful when finding the limit. 
The form 0/0 is called indeterminate. 
 
Example 7:   lim

0→&

0;6:08&
06&

 
 
By direct substitution, you have the form 0/0 which is indeterminate.  Make a chart. 
x 1.9 1.99 1.99 2 2.001 2.01 2.1 
f(x) .9 .99 .999 ?? 1.001 1.01 1.1 

 
 
 
 
Example 8:   lim

0→<

0
√08969

 
 
By direct substitution, you have the form 0/0 which is indeterminate.  Make a chart. 
x -.01 -.001 -.0001 0 .0001 .001 .01 
f(x)    ??    

 
 
 
 
Example 9:   lim

0→<

|0|
0

 
 
By direct substitution, you have the form 0/0 which is indeterminate.  Make a chart. 
x -1 -.1 -.01 0 .01 .1 1 
f(x)    ??    

 
 
 
 
Example 10:  lim

0→<

9
0
 

 
By direct substitution, you have the form 1/0 which is undefined?  Make a chart. 
x -.01 -.001 -.0001 0 .0001 .001 .01 
f(x)    ??    

 
 
 
 
  



Finding Limits Analytically 
Try direct substitution 
With indeterminate form, try to factor and cancel.  If that doesn’t work, try something else. 
 
Example 11:  Find the following limits. 
a) lim

0→6&
𝑥& 

b) lim
0→:

5𝑥 − 4 

c) lim
0→6A

10 

d) lim
0→:

√2𝑥& − 10C  

e) lim
0→D

sin 𝑥 

f) lim
0→9

0;69
089

 

g) lim
0→D

𝑥 cos 𝑥 

 
Example 12:  Find the following limits. Factor and cancel. 
a) 	lim

0→9

069
0;69

 

 

b) 	 lim
0→69

0C89
0;69

 

 

c) 	lim
0→J

0;6&06K
0;6A08J

 

 

d) 	 lim
0→6&

0;6:069<
0;6J

 

 

e) lim
0→&

0;6:08&
06&

 



Example 13:   Find the following limits.  Multiply by conjugate. 
a) lim

0→<

0
√08969

 

 

 

b) lim
0→<

√089L6J
0

 

 

 

c) lim
0→9L

√06J
069L

 

 

 

d) lim
0→:

√0896&
06:

 

 

 

e) lim
0→:

96√06&
06:

 

 

 

 

Example 14:   Find the following limits.  Think about trig identities. 
a) lim

0→M
;

96NOP0
QRN; 0

 

 
 
 
b) lim

0→<

NOP&0
NOP0

 
  



 

 



 
 














