Section 2.2 & 2.4 Limit of a Function
(Graphically, Numerically, Analytically)

Review of Function Notation: f(x) = x2+3x +5
f is the name of the function

f(x) indicates that x is the variable

f(x) is another name for y

f(2) means to substitute 2 for the variable x
f(2Q)=22+3-2+5=15

f(2) is the y-value when the x-value is 2

The point (2, 15) is on the graph of f(x)

Limit Notation
The limit is a value that is approached, you can get closer and closer, may never reach.

lim_f(x) is the limit of f(x) as x approaches ¢ from the right
X—C

lim f(x) is the limit of f(x) as x approaches ¢ from the left
X—C

lim f(x) is THE limit of f(x) as x approaches c
X—C

Facts about Limits:

If the right and left limits are the same, then that number is THE limit.

If the right and left limits are not the same, then THE limit does not exist (DNE).

If f(x) is increasing without bound, the limit is +oo.

If f(x) is decreasing without bound, the limit is -co.

Limits can also be used to describe behavior at the extreme right and left sides of the graph.
lim f(x) and xl_i)rlloo f (x) refer to end behavior

X——00

Let’s examine limits using graphs.
* Example 1:
Find the following using the graph on the left.

L
/

lim f(x)

x-27F

3

)

lim £ (x)

lim f(x)

X——00

lim f(x)

xX—>+00



Example 2:
Find the following using the graph on the left.

f(-1)

Jim_ £ ()

lim f(x)

x—->-1"

lim f(x)

x—->-1

lim f(x)

X——00

lim f(x)

x—+00

Example 3:
Find the following using the graph on the
left.

f(3)

lim_f(x)

x—3%
lim f(x)
x—-3"

lim £ (x)

lim f(x)

X——00

lim f(x)

x—>+00
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Example 4:
Compare to Example 3. What changed?

Example 5:

lim f(x)

x—+00

Example 6:

lim f(x)

x—+00

lim f(x)

X——00



Finding Limits Numerically
Making a chart can be helpful when finding the limit.
The form 0/0 is called indeterminate.

x2-3x+2

Example 7: lim
x—2 xX—2

By direct substitution, you have the form 0/0 which is indeterminate. Make a chart.

X 19 1.99 1.99 2 2.001 201 2.1
f(x) 9 99 999 7? 1.001 1.01 1.1
. X
Example 8: }Cl_r}% e

By direct substitution, you have the form 0/0 which is indeterminate. Make a chart.

X -01 -001 -0001 0 0001 001 01
f(x) 7?
. x|
Example 9: lim —
x>0 X

By direct substitution, you have the form 0/0 which is indeterminate. Make a chart.

X -1 -1 -01 0 01 1 1
f(x) 7?
Example 10: lim =
x-0X

By direct substitution, you have the form 1/0 which is undefined? Make a chart.

X -01 -001 -0001 0 0001 001 01

f(x) 7




Finding Limits Analytically
Try direct substitution
With indeterminate form, try to factor and cancel. If that doesn’t work, try something else.

Example 11: Find the following limits.
a) lim2 x?
xX——

b) lim 5x — 4

x—3

c) lim 10

x—-5

d)  lim32x2-10

x—3

e) lim sin x
X—TT

x2-1

x-1 x+1

g) lim x cos x
X—TT

Example 12: Find the following limits. Factor and cancel.
. x—1
a) }Cl_rg x%2-1
3
b)  lim =&

. x2-2x-8
c) lim =
x—4 X“—5x+4

2

. x“—=3x-10

d) lim ————
x>—2 X*—4

x2-3x+2

x—>2 X—2



Example 13: Find the following limits. Multiply by conjugate.

a) lim —
x-0Vx+1-1
. Nx+16-4
b) }Cl_r}% "
c) Vad
x—16 X—16
d)  lim X2
x—>3 Xx—3
1-vx—2
e) }c—>3 x—3
Example 14: Find the following limits. Think about trig identities.
1-sinx
a) Xl €os?x
2
b) lim sin2x

x—0 Sinx



THEOREM 1 —Limit Laws
If L, M, c, and k are real numbers and

lim f(x) = L and lim g(x) = M, then

x—c x—c
1. Sum Rule: %i_)rrz(f(x) +gx) =L+ M

2. Difference Rule: li_)mc(f(x) —gx)=L—-M

3. Constant Multiple Rule: ii_)nz(k- fx)) = k-L

4. Product Rule: %i_)ni(f(x) ‘gx))=LM

5. Quotient Rule: lim f% =L M#0

6. Power Rule: }erg [ f(x)]"* = L", n a positive integer

7. Root Rule: )}1_)111 Vf(x) = VL = LV n apositive integer

(If n is even, we assume that f(x) = O for x in an interval containing c.)

THEOREM 2—Limits of Polynomials
If P(x) = a,x" + a,—1x" ' + -+ + ay, then

lim P(x) = P(c) = ay¢" + ap_1c" '+ -+ + ap.

X—>c

THEOREM 3—Limits of Rational Functions
If P(x) and Q(x) are polynomials and Q(c) # 0, then
. P(x)  P(c)
im = :
x—c Q(x)  O(c)




THEOREM 4—The Sandwich Theorem
Suppose that g(x) = f(x) = h(x) for all x in some open interval containing c,
except possibly at x = c itself. Suppose also that

lim g(x) = lim A(x) = L.

Then lim f(x) = L.

X—C




Section 2.2-2.4 Limit of a Function
(Graphically, Numerically, Analytically)

Review of Function Notation: f(x) = x%*+3x+5
f is the name of the function

f(x) indicates that x is the variable

f(x) is another name for y

f(2) means to substitute 2 for the variable x
f(2)=224+3:2+5=15

f(2) is the y-value when the x-value is 2

The point (2, 15) is on the graph of f(x)

Limit Notation

The limit is a value that is approached, you can get closer and closer, may never reach.
lim_£(x) is the limit of f(x) as x approaches ¢ from the right

X—c

lim f(x) is the limit of f(x) as x approaches c from the left
X—c

lim f(x) is THE limit of f(x) as x approaches ¢

x—=c

Facts about Limits:

If the right and left limits are the same, then that number is THE limit.

If the right and left limits are not the same, then THE limit does not exist (DNE).

If f(x) is increasing without bound, the limit is 4oo.

If f(x) is decreasing without bound, the limit is -co.

Limits can also be used to describe behavior at the extreme right and left sides of the graph.

xlim f(x) and HT}} f (x) refer to end behavior
——00 x—>+00

Let’s examine limits using graphs.
4

Example 1:
Find the following using the graph on the left.

2 /\ f2 = |
- |

Jim f(0) = 2
lim f(0) = |
lim /() DNE

3

-

lim f(x) = -¢@

X—>»=—00

lim f(x) = -0

x—>+o00
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Example 2:
Find the following using the graph on the left.

f(-1) o ?.)
lim fQ0) = PA

mﬂﬂml
lim f(x) = 2.

x—=1

lim f(x) = +°

X->—00
im fx) = %

X—+o

Example 3:
Find the following using the graph on the
left.

f3) undedi ned Jeryical asﬂnofaé

lim f(x)= ay-®

x—3t

llm flx) = +cf0
lim f(x) = P

x—3

xl_i}l‘_nmf (x) =0 ‘(\Q (.Sbh'\'cgt tﬁﬁ

lim f(x) =0

x—+4-co




:
i
: ’
{
)
t
!
2 i
1
|
{
H
. !
0 F i 4 [
1
1
i
t
3 ‘
"3
/\0 NS e +

Example 4:
Compare to Example 3. What changed?

£(3) =Y

Example 5:

lim f&x) = )

x—+coo

Example 6:

lim f(x) DNE

x—+w0

Jim £ BNE




Finding Limits Numerically
Making a chart can be helpful when finding the limit.
The form 0/0 is called indeterminate.

. 2-3%+2 o
Example 7: lim - i
x—2 x=-2

By direct substitution, you have the form 0/0 which is indeterminate. Make a chart.

X 1.9 1.99 1.99 2 2.001 2.01 2.1
f(x) 9 99 099 1? 1 001 1.01 1.1
>
lime _ f(x) = | l\M ~F~CK\ [
AD 2 A= 2"
Example 8: }61_)0 \/W
By direct substitution, you have the form 0/0 which is indeterminate. Make a chart.
X -01 -.001 -.0001 0 .0001 .001 01
f(x) 99 & (19995 199995 |7 Z.00005 |2.0005 |2.00S
- - &r— —
W ] “-? LIM““’
X=0 x>0"
Example 9: lim 2 DNE.
x—=0 X

By direct substitution, you have the form 0/0 which is indeterminate. Make a chart.

X -1 -1 -.01 0 01 1 1
f(x) o U - 27 | |
m [t L
- L) = - X
Example 10: lim - DT
By direct substitution, you have the form 1/0 which is undefined? Make a chart.

X -.01 -.001 -.0001 0 .0001 .001 01
f(x) —100  |=1000 |=|p0o00 | 7? 10000 1050 100
g

wee 0 = =00 lown @(x\ +obd

XS0 X= ot




s

Finding Limits Analytically
Try direct substitution
With indeterminate form, try to factor and cancel. If that doesn’t work, try something else.

Example 11: Find the following limits.
) lmx* = (-2) =4
xX—-

b lmSx—4 =5(2)-f = I

o lim10 = 1D

x—--5

d) lim ¥V2xZ2 —10 ¥ .

x—3

e) limsinx = Sin Tl

X1
xz_l I l“‘“’\ - O e
f') P ﬂﬂwﬂ P [
x—1 x+1 | i £-

g) limxcosx = 7 (OSTT - %(mlﬁ = =T

X

Example 12: Find the following limits. Factor and cancel. i |
g  lim=L = lim X = b e T =
1021 el (- 0 x> Xt 1+ 2o

im 2t = [im -
b) xliriluczml X = (X'ki\( X =1 bl X=1

-4 x+2) = lim KEE ::,g =7

x%2-2x-8 o hm

o © }ciﬂxz-5x+4 x.@gf—_( xqu(x“,_;,w Koy Xl
et LeBYXA2) 2 lim S T
&g amPres lm BEAANGezy xa-2 %
-2WX-1 = -l = 2=
S pmEoamz = e CEACCNE QQZX
© At A= L ¥ =2

x-52 X—2

2 p N o
() X o Kkt ) = lim X =XE 2




Example 13: Find the following limits. Multiply by conjugat.e
9 2 lim o Nt X1 lim A (\’)‘«"H +1 )'\) - ¥ (m 'i“\)
O oY T Xod X+ i R S s SX
= lim = oyt +l =
W Hp VXH +1 VU +1
Qb limEt, gy 4 = lim % Hlo X +1b_~ Hxre = b
e ot Vil +Y X0 \K (v +4) l
: - [i o = B
= lim x50 Tl + F iery 8 5
| ol =
. vx-a . G?{nq- lc X"’,,.ml b,, - l {1 = g
% N T e T il (X~le) (XY T oxdie x4 {ip v
xwi—t lim e =
- 181
. lim XX . { = STy
0 : 2, {aH T2 = - x5 = X9 3 (%
o 4 }clgal' x~3 TG +2 w23 (X b)(&: 3
3
L i, |4 (T2 o Vim “‘(13@ xo3 xe a)(wd X )
& e) hina x—3 )("'93 U{ 3
* V4 (X-2
‘ - Y m},
= i W e pya
x> 3 X2 LT
Example 14: Find the following limits. Think about trig identities.
a) limrlcoi;lznxx = lim lm%':ﬁx = Jing A= Sink S
& 7 X9 |=5in® X xeﬂ‘. (1~stmn¥) ([+sinX
- = i, = A oL
“%\%‘ | +sinX x>E ltsinT 1M T
g v ImTE

= lim AsSX = 2 (&0 =2()= 4

= i gL SINXOs X
£90

X0 sin X




