Section 4.4 Concavity and Curve Sketching

A function is concave up when f"'(x) > 0
A function is concave down when f''(x) < 0
A function has an inflection point when f"'(x) changes from + to — or from — to +

For the following examples, find the intervals where f(x) is concave up and concave down.
Find inflections points and give your answer as (X, y) points. Sketch the graph of f(x).

Example 1: flx) =x3—3x%2+2
Solve f''(x) = 0 to find critical values

Make a second derivative number line using the critical values. Pick a test number in each
interval and plug into the second derivative. Record the positive or negative sign of the results
on the number line.

Using the number line, find the open intervals of the domain when f(x) is concave up and
concave down,

Using the number line, find the inflection points. Plug x value into f(x) to find y value of
points. Look at the graph and notice the concavity change at the inflection point.
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Example 2: f(x) = Vx®

y
A
S y= /3
1 -
L — > X
-1 0\ 1
{ Point of
inflection
_2 -
V2
Example 3: f(x) =cosx — X
y
N
4L y =COSXx — Tx
o Sm 3w Tm
N 2 472 4om
X
0 | P
-2k .
—4 - inflection
points



Procedure for Graphing y = f(x)
1. Identify the domain of f and any symmetries the curve may have.

2. Find the derivatives y’ and y”.

3. Find the critical points of f, if any, and identify the function’s behavior at
each one.

4. Find where the curve is increasing and where it is decreasing.

5. Find the points of inflection, if any occur, and determine the concavity of the
curve.

6. Identify any asymptotes that may exist.

7. Plot key points, such as the intercepts and the points found in Steps 3-5, and
sketch the curve together with any asymptotes that exist.

Example 4: Sketch a graph of f(x) = x* — 4x3 + 10. Give open intervals where f(x) is
increasing, decreasing, concave up, and concave down. Give the points where f(x) has relative
extrema and inflection points.
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Example 5: Sketch a graph of f(x) = x* — 6x2. Give open intervals where f(x) is
increasing, decreasing, concave up, and concave down. Give the points where f(x) has relative
extrema and inflection points.

Example 6: Sketch a graph of f(x) = 4x3 — 48x. Give open intervals where f(x) is
increasing, decreasing, concave up, and concave down. Give the points where f(x) has relative
extrema and inflection points.
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For the following examples, find the intervals where f(x) is concave up and concave down.
Find inflections points and give your answer as (X, y) points. Sketch the graph of f(x).
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Make a second derivative number line using the critical values. Pick a test number in each
interval and plug into the second derivative. Record the positive or negative sign of the results
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Using the number line, find the open intervals of the domain when f (x) is concave up and

concave down, T UIQ (1, ,a)
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Using the number line, find the inflection points. Plug x value into f(x) to find y value of
points. Look at the graph and notice the concavity change at the inflection point.
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Example 2: flx) = VxS
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Procedure for Graphing y = f(x)

1. Identify the domain of f and any symmetries the curve may have.
2. Find the derivatives y' and y".

3. Find the critical points of f, if any, and identify the function’s behavior at
each one.

4. Find where the curve is increasing and where it is decreasing.

5. Find the points of inflection, if any occur, and determine the concavity of the
curve.

6. Identify any asymptotes that may exist.

7. Plot key points, such as the intercepts and the points found in Steps 3-5, and
sketch the curve together with any asymptotes that exist.

Example 4: Sketch a graph of f(x) = x* — 4x3 + 10. Give open intervals where f(x) is
increasing, decreasing, concave up, and concave down. Give the points where f(x) has relative

extrema and inflection points.
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Example 5:

Sketch a graph of f(x) = x* — 6x2. Give open intervals where f(x) is

increasing, decreasing, concave up, and concave down. Give the points where f(x) has relative

extrema and inflection points.

Firet  Deri Mﬁ&h&

£ = Y- 12% =0

Yx (x*-3) =0

X=z0 )\:t\]—é
R A 2
2 L] 7/

= -3 O r’..':

FN.P = L

x=1 X ==|
Concave Up (=o0, =)V (1,00
Concave Down (-1 '5
Inflection Points (~',"5) and (‘1 —6)

o
Lhcua-gnj C-E‘O)U (\ré,oO)
Decreasig (-0, -3V (0,@) -3
3. I
Local Mo (0,0) : )
- -5
Locat Mins (-—fb) qB
(3, 9)
Example 6: Sketch a graph of f(x) = 4x3 — 48x. Give open intervals where f(x) is

increasing, decreasing, concave up, and concave down. Give the points where f(x) has relative

extrema and inflection points.
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